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LOCAL POISSON GROUPOIDS OVER MIXED PRODUCT POISSON
STRUCTURES AND GENERALISED DOUBLE BRUHAT CELLS
VICTOR MOUQUIN
Abstract. Given a standard complex semisimple Poisson Lie group (G, pist), generalised
double Bruhat cells Gu,v and generalised Bruhat cells Ou equipped with naturally defined
holomorphic Poisson structures, where u,v are finite sequences of Weyl group elements,
were defined and studied by Jiang-Hua Lu and the author. We prove in this paper that
Gu,u is naturally a Poisson groupoid overOu, extending a result from the aforementioned
authors about double Bruhat cells in (G, pist).
Our result on Gu,u is obtained as an application of a construction interesting in its own
right, of a local Poisson groupoid over a mixed product Poisson structure associated to
the action of a pair of Lie bialgebras. This construction involves using a local Lagrangian
bisection in a double symplectic groupoid closely related to the global R-matrix studied
by Weinstein and Xu, to “twist” a direct product of Poisson groupoids.
1. Introduction
Let G be a connected complex semisimple Lie group and πst the standard holomorphic
multiplicative Poisson structure on G determined by a pair (B,B−) of opposite Borel
subgroups and a symmetric non-degenerate ad-invariant bilinear form on the Lie algebra
of G. It is well known [5, 6] that πst is invariant under left and right translation by the
maximal torus T = B ∩ B− , and that the T -orbits of symplectic leaves are the double
Bruhat cells
Gu,v = BuB ∩B−vB−,
where u, v are elements of the Weyl groupW of (G, T ). The Poisson structure πst descends
to a well defined Poisson structure π1 on the flag variety G/B, and any Bruhat cell
Ou = BuB/B
is a Poisson submanifold of (G/B, π1), see e.g [4]. A surprising fact proven in [12] is
that for any u ∈ W , Gu,u has a natural groupoid structure compatible with πst, making
(Gu,u, πst) into a Poisson groupoid over (O
u, π1), and that the symplectic leaf in G
u,u
containing the identity bisection is a symplectic groupoid.
In [13, 14], natural generalisations of (double) Bruhat cells, associated to finite sequences
of Weyl group elements, are constructed. If u = (u1, . . . , un) ∈ W
n, one has the generalised
Bruhat cell
Ou = Bu1B ×B · · · ×B BunB/B,
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where our notation is explained in §1.3.2, and the spaces
BuB = Bu1B ×B · · · ×B BunB ⊂ F˜n, B−uB− = B−u1B−×B− · · · ×B− B−unB− ⊂ F˜−n,
where F˜n, F˜−n are defined in §7.1. If v = (v1, . . . , vn) ∈ W
n is another finite sequence,
one has the generalised double Bruhat cell
Gu,v = {
(
[g1, . . . , gn]F˜n, [h1, . . . , hn]F˜−n
)
∈ BuB × B−vB− : g1 · · · gn = h1 · · ·hn},
and πst induces the holomorphic Poisson structures πn on O
u and π˜n,n on G
u,v. When
n = 1, (Gu,v, π˜n,n) and (O
u, πn) are naturally isomorphic to (G
u1,v1 , πst) and (O
u1 , π1).
One of the central theorem of this paper, Theorem 9.6, is the generalisation of the results
in [12]: for any l ≥ 1 and w ∈ W l, Gw,w has a natural groupoid structure compatible with
π˜l,l, giving rise to a Poisson groupoid (G
w¯,w¯, πw¯,w¯) over (O
w, πl). The groupoid structure
depends on the choice w¯ ∈ NG(T )
l of a representative of w, where NG(T ) is the normaliser
subgroup in G of T , but the isomorphism class of Poisson groupoids is independent of such
a choice.
While the results in [12] were obtained by embedding (Gu,u, πst) into a bigger Poisson
groupoid whose underlying groupoid structure is that of an action groupoid, the same
method does not work in the generalised double Bruhat cell setting. Instead, another
main result of this paper is a construction of local Poisson groupoids over mixed product
Poisson structures, and we obtain Theorem 9.6 as an application of this construction.
1.1. Local Poisson groupoids over mixed product Poisson structures. Let (Z, πZ)
be a Poisson manifold with a left Poisson action λ : g → X1(Z) of a Lie bialgebra (g, δg),
and let (Y, πY ) be a Poisson manifold with a right Poisson action ρ : g
∗ → X1(Y ) of
the dual Lie bialgebra (g∗, δg∗). Then (ρ, λ) defines the so-called mixed product Poisson
structure
πY ×(ρ,λ) πZ := (πY , πZ)− (ρ(ξ
i), 0) ∧ (0, λ(xi)) ∈ X
2(Y × Z)
on Y × Z, where (xi) is a basis of g, (ξ
i) the dual basis of g∗, and where here and
throughout the paper, we adopt the Einstein summation convention. Mixed product
Poisson structures associated to pairs of actions of Lie bialgebras were first studied in
[13]. Let (Y ⇒ Y, πY), (Z ⇒ Z, πZ) be Poisson groupoids respectively over (Y, πY ) and
(Z, πZ), and let
µY : (Y , πY)→ (G, πG), µZ : (Z, πZ)→ (G
∗,−πG∗),
be Poisson groupoid morphisms, where (G, πG), (G
∗, πG∗) are Poisson Lie groups with
respective Lie bialgebras (g, δg), (g
∗, δg∗), and assume that the dressing actions
̺Y : g
∗ → X1(Y), ̺Y(ξ) = π
♯
Y
(µ∗
Y
ξL), ξ ∈ g∗,
ϑZ : g→ X
1(Z), ϑZ(x) = π
♯
Z
(µ∗
Z
xR), x ∈ g,
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restrict to respectively ρ and λ on the identity bisections of Y and Z. When Y , Z are
source simply connected symplectic groupoids, µY, µZ are the Poisson groupoid morphisms
integrating the Lie bialgebroid morphisms ρ∗ : T ∗Y → g, λ∗ : T ∗Z → g∗, see Remark 5.6.
Associated to the pair ((G, πG), (G
∗, πG∗)), one has the double symplectic groupoid (Γ, πΓ)
constructed by Lu in [10] (see §3.2 for details). That is, (Γ, πΓ) is both a symplectic
groupoid over (G, πG) and (G
∗, πG∗), and write ΓG, ΓG∗ for Γ thought of as a groupoid
over G and G∗ respectively. Given respective left Poisson actions ⊲G, ⊲G∗ of (ΓG, πΓ) on
(Y , πY) and of (ΓG∗ ,−πΓ) on (Z, πZ), with respective moment maps µY, µZ, one can via a
local Lagrangian bisection L of (ΓG∗ × ΓG, (−πΓ)× πΓ) “twist” the multiplication on the
direct product Poisson groupoid
(Y ⇒ Y, πY)× (Y ⇒ Z, πZ)
to obtain a local Poisson groupoid over (Y × Z, πY ×(ρ,λ) πZ). More precisely,
(1) L = (OΓ)diag ⊂ Γ
2
is the diagonal copy of a particular open subset OΓ of Γ, and
(2) (y˜1, z˜1) · (y˜2, z˜2) = (y˜1(γ ⊲G y˜2), (γ ⊲G∗ z˜1)z˜2), y˜i ∈ Y , z˜i ∈ Z,
where (γ, γ) ∈ L and (y˜1, γ ⊲G y˜2), respectively (γ ⊲G∗ z˜1, z˜2) are composable pairs in
Y and Z, defines a local groupoid multiplication on Y × Z which is compatible with the
direct product Poisson structure πY × πZ, and such that (Y ×L Z, πY × πZ) is a Poisson
groupoid over (Y ×Z, πY ×(ρ,λ) πZ), where Y ×LZ denotes Y ×Z equipped with the local
groupoid multiplication in (2).
The Lagrangian bisection L is closely related to the global R-matrix of the Drinfeld
double (D, πD) of (G, πG) constructed by Weinstein and Xu in [19]. These R-matrices
are Lagrangian submanifolds in the cartesian square of double symplectic groupoids of
quasitriangular Poisson Lie groups, which satisfy a classical analogue of the quantum
Yang-Baxter equation. We show that under an appropriate isomorphism, the global R-
matrix of (D, πD) is essentially the cartesian product in Γ
4 of L with the identity bisections
in ΓG and ΓG∗ .
The groupoid multiplication in (2) is an analogue of a construction in quantum algebra
appearing in [17], which was used to quantize mixed product Poisson structures. If H is
a Hopf algebra with a quasitriangular R-matrix R ∈ H ⊗ H and if A, B are H-module
algebras, then
(3) (a1 ⊗ b1) · (a2 ⊗ b2) = a1(Y
ia2)⊗ (Xib1)b2, aj ∈ A, bj ∈ B,
where R = Xi ⊗ Y
i, defines an associative multiplication, called in [17] a “twist” of the
tensor product algebra A⊗B. One observes the analogous role played by L and R in (2)
and (3).
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1.2. Actions of double symplectic groupoids on generalised double Bruhat cells.
Returning to a connected complex semisimple Lie group G with the standard multiplica-
tive Poisson structure πst, one has the pair ((B, πst), (B−,−πst)) of dual Poisson Lie groups,
and let (Γ, πΓ) be its associated double symplectic groupoid. For any u,v ∈ W
n, one has
Poisson maps
µ+ : (G
u,v, π˜n,n)→ (B, πst), µ− : (G
u,v, π˜n,n)→ (B−, πst),
see §8 a precise definition, and when u = v, both µ+ : G
u¯,u¯ → B, µ− : G
u¯,u¯ → B− are
groupoid morphisms. A third main result of this paper, Theorem 8.3, is that Gu,v admits
a Poisson action of both symplectic groupoids (ΓB, πΓ) and (ΓB−,−πΓ) with respective
moment maps µ+ and µ−.
We can now explain how the proof of Theorem 9.6 proceeds. Let u ∈ W n and v ∈ Wm.
Arguing by induction on n and m, one can assume that both (Gu¯,u¯, πu¯,u¯) and (G
v¯,v¯, πv¯,v¯)
are Poisson groupoids, and apply the theory described in §1.1 to obtain a local Poisson
groupoid
(Gu¯,u¯ ×L G
v¯,v¯, πu¯,u¯ × πv¯,v¯).
In fact, we show that a quotient of this local Poisson groupoid lies in (Gw¯,w¯, πw¯,w¯) as a
Zariski open subset, where w = (u,v) and l = n +m, and it follows by continuity that
(Gw¯,w¯, πw¯,w¯) is a Poisson groupoid.
Finally, a word about what is not in this paper. We do not prove that the symplectic
leaves in (Gw,w, π˜l,l) inherit a structure of a symplectic groupoid. One would first need
to have a description of these symplectic leaves, generalising the description in [7, 12] of
the symplectic leaves in the standard complex semisimple Poisson Lie group (G, πst). We
plan to address this issue in a subsequent paper.
. The paper is organised as follows. Section §2 is a brief recall on the theory of Lie
bialgebras and Poisson Lie groups, and in §3 we recall from [10] the notion of a double
symplectic groupoid associated to a pair of dual Poisson Lie groups. In particular, we
adapt the criteria appearing in [9] for a Lie groupoid action of a Poisson groupoid to be
Poisson to the case of a double symplectic groupoid. In §4, we discuss the theory of global
R-matrices developed by Weinstein and Xu in [19]. We show that for the Drinfeld double
(D, πD) of a pair ((G, πG), (G
∗, πG∗)) of dual Poisson Lie groups, the global R-matrix is,
under an appropriate isomorphism, the cartesian product in Γ4 of L and the identity
bisections in ΓG and ΓG∗ , where L is as in (1). Section §5 is where the first main result
of this paper, Theorem 5.4, appears. It is a construction of a local Poisson groupoid
over a mixed product Poisson structure as explained in §1.1. Section §6 is about the
pair ((B, πst), (B−,−πst)) of dual Poisson Lie groups associated to a standard complex
semisimple Poisson Lie group (G, πst), and in §7, we recall the construction of generalised
(double) Bruhat cells from [14]. We prove in §8 the second main result of this paper:
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every generalised double Bruhat cell admits a Poisson action by the symplectic groupoids
of both (B, πst) and (B−,−πst). In §9, we prove last main result of this paper, that every
generalised double Bruhat cell (Gw¯,w¯, πw¯,w¯) is naturally a Poisson groupoid over (O
w, πl).
1.3. Notation.
1.3.1. By manifold, we mean either a real smooth or a complex manifold. Maps be-
tween manifolds and tensor fields on manifolds are understood to be either smooth or
holomorphic. By diffeomorphism, we means either C∞ diffeomorphism or holomorphic
diffeomorphism.
1.3.2. If G is a group and Q0, Q1, . . . , Qn subgroups of G, we will denote by
Q0\G×Q1 G×Q2 · · · ×Qn−1 G/Qn
the quotient of Gn be the right action of Q0 × · · · ×Qn given by
(g1, g2, . . . , gn) · (q0, q1, . . . , qn) = (q
−1
0 g1q1, q
−1
1 g2q2, . . . , q
−1
n−1gnqn), gj ∈ G, qj ∈ Qj,
and if Q0\G ×Q1 · · · ×Qn−1 G/Qn is denoted by Z, we will denote the quotient map by
̟Z : G
n → Z and elements of Z by
[g1, . . . , gn]Z = ̟Z(g1, . . . , gn), gj ∈ G.
If S1, . . . , Sn are subsets of G such that Sj is left Qj−1-invariant and right Qj-invariant for
1 ≤ j ≤ n, let
Q0\S1 ×Q1 S2 ×Q2 · · · ×Qn−1 Sn/Qn = ̟Z(S1 × · · · × Sn) ⊂ Z.
If Q0 = {e} we denote Z by G ×Q1 · · · ×Qn−1 G/Qn, and if Qn = {e}, we denote Z by
Q0\G×Q1 · · · ×Qn−1 G.
1.3.3. If G is a real or complex Lie group with Lie algebra g, we denote by lg, rg : G→ G
respectively the left and right multiplication by g ∈ G, and for x ∈ (⊗g) ⊕ (⊗g∗), we
denote respectively by xL and xR the left and right invariant tensor field on G whose
value at the identity e ∈ G is x. If λ : G×M →M is a left action of G on a manifold M ,
we use the same symbol to denote the left Lie algebra action λ : g→ X1(M), defined by
λ(x)(m) =
d
dt
|t=0 λ(exp(tx), m), x ∈ g, m ∈M.
Similarly, if ρ : M ×G→M is a right action, let ρ : g→ X1(M) be defined as ρ(x)(m) =
d/dt |t=0 ρ(m, exp(tx)), x ∈ g, m ∈M .
Acknowledgements. The author would like to thank Jiang-Hua Lu for stimulating dis-
cussions, as well as Rui Loja Fernandes, Ioan Marcut, and Travis Li Songhao for their
helpful explanations.
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2. Poisson Lie groups and Lie bialgebras
We recall in this section basic facts about Poisson Lie groups and Lie bialgebras, and
refer to [13, Section 2] for additional details.
2.1. Poisson Lie groups and Lie bialgebras. Let g be a finite dimensional, real or
complex Lie algebra. A Lie bialgebra structure on g is a map δg : g → ∧
2g whose dual
map δ∗g : ∧
2g∗ → g∗ is a Lie bracket on g∗, and which satisfies the cocycle condition
δg[x, y] = [x, δg(y)] + [δg(x), y], x, y ∈ g,
and one says that (g, δg) is a Lie bialgebra. Then (g
∗, δg∗) is also a Lie bialgebra, called
the dual Lie bialgebra of (g, δg), where g
∗ is equipped with the Lie bracket δ∗g and δg∗ :
g∗ → ∧2g∗ is the dual of the Lie bracket on g. Equip d = g ⊕ g∗ with the symmetric
non-degenerate bilinear form
(4) 〈x+ ξ, y + η〉d = 〈x, η〉+ 〈y, ξ〉, x, y ∈ g, ξ, η ∈ g
∗.
There is a unique Lie bracket [13, Formula (2.2)] on d such that g, g∗ are Lie subalgebras
and such that 〈 , 〉d is ad-invariant, and one says that (d, 〈 , 〉d) is the double Lie algebra
of (g, δg). Equivalently, a Manin triple ((d, 〈 , 〉d), g, g
′) consists of a quadratic Lie algebra
(d, 〈 , 〉d), and two Lagrangian subalgebras g, g
′ of (d, 〈 , 〉d) such that d = g ⊕ g
′ as a
vector space. Identifying g and g′ as dual vector spaces via 〈 , 〉d, one obtains Lie bialgebra
structures δg : g → ∧
2g and δg′ : g
′ → ∧2g′, respectively the dual of of the Lie bracket on
g′ and g, and one says that ((g, δg), (g
′, δg′)) is a pair of dual Lie bialgebras, with double
Lie algebra (d, 〈 , 〉d). The element
(5) Λg,g′ = xi ∧ ξ
i ∈ d⊗ d,
where (xi) is any basis of g and (ξ
i) the dual basis of g′ with respect to 〈 , 〉d, is called the
skew-symmetric r-matrix associated to the Lagrangian splitting d = g+ g′, and
δd : d→ ∧
2d, δd(a) = [a,Λg,g′ ], a ∈ d,
is a Lie bialgebra structure on d such that both (g, δg) and (g
∗,−δg∗) are sub- Lie bialgebras
of (d, δd). One says that (d, δd) is the double Lie bialgebra of (g, δg). In particular, let
(g, δg) be any Lie bialgebra with dual Lie bialgebra (g
∗, δg∗) and double Lie bialgebra
(d, δd). Equip the direct product Lie algebra d⊕ d with the bilinear form
〈(a1, b1), (a2, b2)〉d⊕d = 〈a1, a2〉d − 〈b1, b2〉d, ai, bi ∈ d,
and let ddiag ⊂ d ⊕ d be the diagonal subalgebra and d
′ = g∗ ⊕ g ⊂ d ⊕ d. Then
((d ⊕ d, 〈 , 〉d⊕d), ddiag, d
′) is a Manin triple, and the skew-symmetric r-matrix associated
to the Lagrangian splitting d⊕ d = ddiag + d
′ is
(6) Λ
(2)
g,g′ = (Λg,g′ ,Λg,g′)− Λ ∈ (d⊕ d) ∧ (d⊕ d),
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where
(7) Λ = (ξi, 0) ∧ (0, xi) ∈ ∧
2d′.
One has (d, δd) ∼= (ddiag, δddiag) under the isomorphism a 7→ (a, a), a ∈ d, thus (d
′, δd′) is
isomorphic to the dual Lie bialgebra of (d, δd).
A multiplicative Poisson structure on a real or complex Lie group G is a smooth or
holomorphic Poisson bivector field πG on G such that the multiplication map G×G→ G
is Poisson, when G × G is equipped with πG × πG, and one also says that (G, πG) is a
Poisson Lie group. Equivalently, πG is multiplicative if it satisfies
lgπG(h) + rhπG(g) = πG(gh), g, h ∈ G.
Let g be the Lie algebra of G. Then δg(x) = [x
R, πG](e), x ∈ g, is a Lie bialgebra structure
on g, and one says that (g, δg) is the Lie bialgebra of (G, πG). The adjoint action of g on
d integrates to an action of G on d, given by
(8) Adg(x+ ξ) = Adg x+ rg−1πG
♯(ξL)(g) + Ad∗g−1 ξ, x ∈ g, ξ ∈ g
∗, g ∈ G.
A pair of dual Poisson Lie groups is a pair of Poisson Lie groups ((G, πG), (G
∗, πG∗)), where
the Lie bialgebra (g, δg) of (G, πG) and the Lie bialgebra (g
∗, δg∗) of (G
∗, πG∗) form a pair
of dual Lie bialgebras.
Let (Y, πY ) be a Poisson manifold, (G, πG) a Poisson Lie group with Lie bialgebra (g, δg),
and ρ : Y ×G→ Y a right action of G on Y . One says that ρ is a right Poisson action of
(G, πG) on (Y, πY ) if ρ is a Poisson map, when Y ×G is equipped with πY × πG, and left
Poisson actions are similarly defined. Equivalently, ρ is a right Poisson action if
lyπG(g) + rgπY (y) = πY (ρ(y, g)),
where for y ∈ Y and g ∈ G, one has the maps ly : G→ Y , lyg = ρ(y, g) and rg : Y → Y ,
rgy = ρ(y, g). Let σ : g→ X
1(Y ) be a right or left Lie algebra action of g on Y . One says
that σ is a Poisson action of (g, δg) on (Y, πY ) if
[σ(x), πY ] = σ(δg(x)), x ∈ g.
It is well known that a Poisson action of a Poisson Lie group induces a Poisson action of
its Lie bialgebra.
2.2. Mixed product Poisson structures associated to actions of Lie bialgebras.
Let (g, δg) be a Lie bialgebra with dual Lie bialgebra (g
∗, δg∗) and double Lie bialgebra
(d, δd), let (Y, πY ), (Z, πZ) be Poisson manifolds, and let
ρ : g∗ → X1(Y ), λ : g→ X1(Z),
be respectively a right Poisson action of (g∗, δg∗) on (Y, πY ) and a left Poisson action of
(g, δg) on (Z, πZ). Then
πY ×(ρ,λ) πZ := (πY , πZ)− (ρ(ξ
i), 0) ∧ (0, λ(xi)) ∈ X
2(Y × Z),
8 VICTOR MOUQUIN
where (xi) is any basis of g and (ξ
i) the dual basis of g∗, is a Poisson structure on Y ×Z,
called in [13] the mixed product Poisson structure associated to the pair (ρ, λ), and
σ : d′ → X1(Y × Z), σ(ξ, x) = (ρ(ξ),−λ(x)), (ξ, x) ∈ d′,
is a right Poisson action of (d′, δd′) on (Y × Z, πX ×(ρ,λ) πY ). More generally, if ρ is the
restriction to g∗ of a right Poisson action σY : d→ X
1(Y ) of (d,−δd) on (Y, πY ) and if −λ
is the restriction to g of a right Poisson action σZ : d→ X
1(Z) of (d,−δd) on (Z, πZ), then
σ : d⊕ d→ X1(Y × Z), σ(a, b) = (σY (a), σZ(b)), a, b ∈ d,
is a right Poisson action of (d⊕ d,−δd⊕d) on (Y × Z, πX ×(ρ,λ) πY ), where
δd⊕d(a, b) = [(a, b),Λ
(2)
g,g′ ], a, b ∈ d.
3. Poisson actions of double symplectic groupoids
3.1. Symplectic and Poisson groupoids. We recall in this subsection basic facts about
symplectic and Poisson groupoids that will be needed later, and refer to [16, 18, 20] for
further details.
If G ⇒ Y is a Lie groupoid with source and target maps θ, τ : G → Y , inverse map
ι : G → G, and identity bisection ε : Y → G, we use the convention that the multiplication
is defined on
G(2) = {(g1, g2) ∈ G
2 : τ(g1) = θ(g2)},
and when no confusion is possible, we will write the groupoid multiplication as concatena-
tion g1g2, for (g1, g2) ∈ G
(2). Throughout this paper, by a local Lie groupoid, we will mean
a 3-associative local Lie groupoid in the sense of [2, Definition 2.7]. That is, a manifold G
equipped with submersions θ, τ : G → Y to a base manifold Y , an embedding ε : Y → G,
a multiplication defined on an open neighbourhood G
(2)
0 ⊂ G
(2) of
{(ε(y), g) : y = θ(g), y ∈ Y, g ∈ G} ∪ {(g, ε(y)) : τ(g) = y, y ∈ Y, g ∈ G},
an involution ι : G(−1) → G(−1) of an open neighbourhood G(−1) ⊂ G of ε(Y ), and satisfying
the usual axioms of a Lie groupoid wherever these make sense. A local Poisson groupoid
is a pair (G ⇒ Y, π) where G ⇒ Y is a local Lie groupoid, and π a Poisson bivector field
on G such that the graph of the multiplication
{(g1, g2, g1g2) : (g1, g2) ∈ G
(2)
0 } ⊂ G × G × G
is a coisotropic submanifold for the Poisson structure π × π × (−π) on G × G × G. One
has a well defined Poisson bivector field πY on Y such that θ(π) = −τ(π) = πY , and we
say that (G ⇒ Y, π) is a local Poisson groupoid over (Y, πY ). If π is non-degenerate and
dimG = 2dimY , one says that (G ⇒ Y, π) is a local symplectic groupoid, or a symplectic
groupoid if G ⇒ Y is a Lie groupoid.
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Let (G ⇒ Y, π) be a symplectic groupoid over (Y, πY ) with source map θ : G → Y , let
(X, πX) be a Poisson manifold with a map µ : X → Y , and let
X ∗ G := {(x, g) ∈ X × G : µ(x) = θ(g)}.
A right Poisson action of (G, π) on (X, πX) with moment map µ is a right Lie groupoid
action ⊳ of G on X with moment map µ, such that the graph of the action map
{(x, g, x⊳ g) : (x, g) ∈ X ∗ G}
is a coisotropic submanifold of X ×G ×X , equipped with the Poisson structure πX × π×
(−πX). Then µ : (X, πX) → (Y, πY ) is automatically anti-Poisson, and we also say that
⊳ is a Poisson action of (G, π) on µ. Left Poisson actions of symplectic groupoids are
similarly defined, and in particular,
g ⊲ x := x⊳ ι(g), (x, ι(g)) ∈ X ∗ G,
where ι is the inverse of G, defines a left Poisson action of (G,−π) on µ. If S is a local
bisection of G ⇒ Y , RS denotes the action of S on X , i.e RS(x) = x ⊳ g, where g ∈ S
with µ(x) = θ(s). We use the same symbol RS for the action of S on G itself by right
multiplication, and similarly LS denotes the action of S on G by left multiplication. In
particular, by [9, Theorem 7.1] if S is a local Lagrangian bisection of (G ⇒ Y, π), RS is a
local Poisson isomorphism of (X, πX).
3.2. Double symplectic groupoids. We recall in this subsection the construction of a
double symplectic groupoid of a pair of dual Poisson Lie groups given in [10, Chapter 4]
and [15].
Let ((G, πG), (G
∗, πG∗)) be a pair of dual Poisson Lie groups, with pair of dual Lie
bialgebras ((g, δg), (g
∗, δg∗)) and double Lie algebra (d, 〈 , 〉d). Throughout this paper, we
will make the simplifying assumption that G and G∗ are subgroups in a Drinfeld double
D, that is a Lie group D with Lie algebra d. With Λg,g∗ ∈ ∧
2d as in (5), one has the
multiplicative Poisson structure πD = Λ
L
g,g∗ −Λ
R
g,g∗ such that (d, δd) is the Lie bialgebra of
(D, πD), and such that both (G, πG) and (G
∗,−πG∗) are Poisson Lie subgroups of (D, πD).
One also has the Poisson structure π+
D
= ΛRg,g∗ + Λ
L
g,g∗ , which is non-degenerate on the
open subset D0 = GG
∗ ∩G∗G in D. Let
Γ = {(g, u, u′, g′) ∈ G×G∗ ×G∗ ×G : gu = u′g′},
let Q = G ∩G∗, and let Q2 act on Γ by
(g, u, u′, g′) · (q1, q2) = (gq1, q
−1
1 u, u
′q2, q
−1
2 g
′), (g, u, u′, g′) ∈ Γ, qi ∈ Q.
Then
(9) p : Γ→ D, p(g, u, u′, g′) = gu = u′g′, (g, u, u′, g′) ∈ Γ,
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induces an isomorphism between Γ/(Q2) and D0, and since Q is a discrete subgroup of
D, there is a unique non-degenerate Poisson structure πΓ on Γ which lifts π
+
D
|D0 . Let
pL : Γ→ G×G
∗ and pR : Γ→ G
∗ ×G
be respectively the projections onto the first two and last two factors. Then both pL and
pR are local diffeomorphisms, and it is shown in [10, 15] that one has
pL(πΓ) = (πG, πG∗)− (x
L
i , 0) ∧ (0, (ξ
i)R),(10)
pR(πΓ) = (πG∗ , πG)− ((ξ
i)L, 0) ∧ (0, xRi ),
where (xi) is a basis of g and (ξ
i) the dual basis of g∗. I.e πΓ is locally via pL and pR
a mixed product Poisson structure. Moreover, Γ has two groupoid structures: one of a
groupoid over G∗, given by
source map : θG∗(g, u, u
′, g′) = u,
target map : τG∗(g, u, u
′, g′) = u′,
identity bisection : εG∗(u) = (e, u, u, e), u ∈ G
∗,
inverse map : ιG∗(g, u, u
′, g′) = (g−1, u′, u, g′−1),
multiplication : when u′1 = u2, (g1, u1, u
′
1, g
′
1) ⋆ (g2, u2, u
′
2, g
′
2) = (g2g1, u1, u
′
2, g
′
2g
′
1);
and one of a groupoid over G, given by
source map : θG(g, u, u
′, g′) = g,
target map : τG(g, u, u
′, g′) = g′,
identity bisection : εG(g) = (g, e, e, g), g ∈ G,
inverse map : ιG(g, u, u
′, g′) = (g′, u−1, u′−1, g),
multiplication : when g′1 = g2, (g1, u1, u
′
1, g
′
1)(g2, u2, u
′
2, g
′
2) = (g1, u1u2, u
′
1u
′
2, g
′
2).
We will denote Γ as ΓG∗ and ΓG, when thought of as a groupoid over G
∗ and G respectively
(notice that we write multiplication in ΓG using concatenation and in ΓG∗ using ⋆). Then
(ΓG∗ ⇒ G
∗, πΓ) is a symplectic groupoid over (G
∗, πG∗) and (ΓG ⇒ G, πΓ) is a symplectic
groupoid over (G, πG). Note that
(11) ιG(γ1 ⋆ γ2) = ιG(γ1) ⋆ ιG(γ2) and ιG∗(γ
′
1γ
′
2) = ιG∗(γ
′
1)ιG∗(γ
′
2),
for (γ1, γ2) ∈ Γ
(2)
G∗
and (γ′1, γ
′
2) ∈ Γ
(2)
G .
3.3. Local dressing actions. LetOΓ ⊂ Γ be the maximal open subset containing εG(G)∪
εG∗(G
∗) on which the restriction p |OΓ: OΓ → D0 is a diffeomorphism onto its image
OD = p(OΓ) ⊂ D. Let OG,G∗ = pL(OΓ) and OG∗,G = pR(OΓ), so that OΓ is the graph of an
invertible map
OG,G∗ → OG∗,G, (g, u) 7→ (g[u], g
u), (g, u) ∈ OG,G∗ ,
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with inverse
OG∗,G → OG,G∗ , (u
′, g′) 7→ (u′[g′], u′g
′
), (u′, g′) ∈ OG∗,G,
and for (g, u) ∈ OG,G∗ and (u
′, g′) ∈ OG∗,G, let
(12) γg,u = (g, u, g[u], g
u) ∈ OΓ and γ
u′,g′ = (u′[g′], u′g
′
, u′, g′) ∈ OΓ.
Then one has the local dressing actions
(g, u) 7→ gu, (g, u) 7→ g[u], (g, u) ∈ OG,G∗ ,
respectively a right local action of G∗ on G and a left local action of G on G∗, and
(u′, g′) 7→ u′g
′
, (u′, g′) 7→ u′[g′], (u′, g′) ∈ OG∗,G,
a right local action of G on G∗ and a left local action of G∗ on G. One checks that the
local dressing actions satisfy the multiplicativity conditions
γu1u2, g = γu1, u2[g]γu2, g,(13)
γu, g1g2 = γu
g1 , g2 ⋆ γu, g1,
whenever the terms involved are defined.
Lemma 3.1. One has
(14)
d
dt
|t=0 g[exp(tξ)] = Ad
∗
g−1 ξ and
d
dt
|t=0 exp(tx)
u = Ad∗u x.
Proof. Since
Adg ξ =
d
dt
|t=0 g exp(tξ)g
−1 =
d
dt
|t=0 g[exp(tξ)]g
exp(tξ)g−1
and since multiplication in D induces a local isomorphism between G∗ × G and D, the
first relation follows from (8). The second relation is similarly proved.
Q.E.D.
Remark 3.2. Recall that (G, πG) is said to be complete if the multiplication in D induces
a diffeomorphism G × G∗ ∼= D. In such a case one can identify (Γ, πΓ) with (D, π
+
D
) via
the map p : Γ ∼= D in (9), and ΓG becomes the action groupoid associated to the right
group action G × G∗ → G, (g, u) 7→ gu, and similarly, ΓG∗ becomes the action groupoid
associated to the left action G×G∗ → G∗, (g, u) 7→ g[u]. ⋄
3.4. Poisson actions of double symplectic groupoids. We specialise in this subsec-
tion the criteria in [9, Theorem 7.1] for a Lie groupoid action of a Poisson groupoid to be
Poisson to the case of (Γ, πΓ). We fix first a particular local bisection of ΓG ⇒ G through
any point of Γ. For u ∈ G∗, one has the open neighbourhood
OG,u = {g ∈ G : (g, u) ∈ OG,G∗}
of e in G. The next Lemma 3.3 is straightforward.
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Lemma 3.3. For γ = (g, u, u′, g′) ∈ Γ with g, g′ ∈ G and u, u′ ∈ G∗,
Sγ = {(hg, u, h[u
′], hu
′
g′) : h ∈ OG,u′}
is a local bisection of ΓG ⇒ G through γ.
Lemma 3.4. Let γ = (g, u, u′, g′) ∈ Γ with g, g′ ∈ G and u, u′ ∈ G∗. Then
pL
(
πΓ(γ)−RSγπΓ(εG(g))
)
= (0, πG∗(u)).
In particular, πΓ(γ)− RSγπΓ(εG(g)) is tangent to the fibers of θG.
Proof. It is clear from the definition of Sγ that pLRSγ = r(e,u)pL, thus by (10),
pL
(
πΓ(γ)− RSγπΓ(εG(g))
)
= (πG(g), πG∗(u))− (lgxi, 0) ∧ (0, ruξ
i)
− r(e,u)
(
(πG(g), 0)− (lgxi, 0) ∧ (0, ξ
i)
)
= (0, πG∗(u)).
Q.E.D.
Lemma 3.5. For ξ ∈ g∗ and g ∈ G, one has
π♯
Γ
(τ ∗
G
(ξL))(εG(g)) =
d
dt
|t=0 γg, exp(tξ).
Proof. Let mD : G
∗ ×G→ D be the multiplication map. By (10) and (8), one has
(mD ◦ pR)
(
π♯
Γ
(τ ∗
G
(ξL))(εG(g))
)
= mD
(
pR(πΓ)
♯(0, l∗g−1ξ)
)
= mD(Ad
∗
g−1 ξ, πG
♯(l∗g−1ξ))
= rg(Ad
∗
g−1 ξ) + πG
♯(l∗g−1ξ) = lgξ,
thus
pL
(
π♯
Γ
(τ ∗
G
(ξL))(εG(g))
)
= (0, ξ).
As pL is a local diffeomorphism,
π♯Γ(τ
∗
G
(ξL))(εG(g)) = p
−1
L
(0, ξ) =
d
dt
|t=0 γg, exp(tξ).
Q.E.D.
Let (Y, πY ) be a Poisson manifold,
µ : (Y, πY )→ (G, πG)
a Poisson map, and ⊳ a right Lie groupoid action of ΓG on µ. Recall from [13, Section 2]
that one has the dressing action
(15) ̺Y : g
∗ → X1(Y ), ̺Y (ξ) = πY
♯(µ∗ξL), ξ ∈ g∗,
a right Poisson action of (g∗,−δg∗) on (Y, πY ). The next Proposition 3.6 is a direct appli-
cation of [9, Theorem 7.1] to (ΓG ⇒ G,−πΓ) and the local bisections Sγ ’s.
POISSON GROUPOIDS AND GENERALISED DOUBLE BRUHAT CELLS 13
Proposition 3.6. The Lie groupoid action ⊳ is a Poisson action of (ΓG ⇒ G,−πΓ) if
and only if
̺Y (ξ)(y) =
d
dt
|t=0 (y ⊳ γµ(y), exp(tξ)), y ∈ Y, ξ ∈ g
∗,(16)
πY (y ⊳ γ) = Ly
(
RSγπΓ(εG(g))− πΓ(γ)
)
+RSγπY (y), (y, γ) ∈ Y ∗ ΓG,(17)
where in (17), g = θG(γ) and Ly : θG(µ(y))
−1 → Y is the map Ly(γ) = y ⊳ γ. By Lemma
3.4, the first term in the right hand side of (17) is well defined.
The next Proposition 3.7 below, which will be used in §8, gives a situation in which
(17) is easily verified. Let (P, πP ) be a Poisson manifold with a right Poisson action
ρ : (P, πP )× (G
∗,−πG∗)→ (P, πP )
of (G∗,−πG∗). For p ∈ P and u ∈ G
∗, one has the maps lp : G
∗ → P , lpu = ρ(p, u) and
ru : P → P , rup = ρ(p, u).
Proposition 3.7. Let ϕ : (Y, πY )→ (P, πP ) be an immersive Poisson map such that
ϕ(y ⊳ γ) = ρ(ϕ(y), θG∗(γ)), (y, γ) ∈ Y ∗ ΓG.
Then (17) holds.
Proof. For y ∈ Y and γ ∈ ΓG, it is clear that ϕLy = lϕ(y)θG∗ and ϕRSγ = ruϕ, where
u = θG∗(γ). Since ρ is a Poisson action, one has for (y, γ) ∈ Y ∗ ΓG,
ϕ
(
Ly
(
RSγπΓ(εG(g))− πΓ(γ)
)
+RSγπY (y)
)
= −lϕ(y)πG∗(u) + ruπP (ϕ(y))
= πP (ρ(ϕ(y), u)) = πP (ϕ(y ⊳ γ))
= ϕ(π(y ⊳ γ)),
and since ϕ is an immersion, this establishes (17).
Q.E.D.
Remark 3.8. 1) One has similar criteria as in Propositions 3.6 and 3.7 for a right Lie
groupoid action of (ΓG∗ , πΓ) to be Poisson. In particular, if ⊳ is a right Poisson action of
(ΓG∗ ⇒ G
∗, πΓ) on a Poisson map µ : (Z, πZ)→ (G
∗,−πG∗), one has
(18) ϑZ(x)(z) =
d
dt
|t=0 (z ⊳ γexp(tx), µ(z)), z ∈ Z, x ∈ g,
where the dressing action
(19) ϑZ : g→ X
1(Z), ϑZ(x) = πZ
♯(µ∗xR), x ∈ g,
is a left Poisson action of (g, δg) on (Z, πZ).
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2) Applying (16) and (18) to the identity maps IdG : G → G and IdG∗ : G
∗ → G∗, the
dressing actions
̺G : g
∗ → X1(G), ̺G(ξ) = πG
♯(ξL), ξ ∈ g∗,(20)
ϑG∗ : g→ X
1(G∗), ϑG∗(x) = −πG∗
♯(xR), x ∈ g,(21)
satisfy
̺G(ξ)(g) =
d
dt
|t=0 g
exp(tξ) and ϑG∗(x)(u) =
d
dt
|t=0 exp(tx)[u],
a fact which can also be proven directly using (8). ⋄
4. A Lagrangian bisection associated to a pair of dual Poisson Lie groups
In [19], Weinstein and Xu construct a Lagrangian submanifold in the cartesian square
of the symplectic groupoid of a quasitriangular Poisson Lie group, which they interpret as
a classical analogue of a solution to the quantum Yang-Baxter equation. We show in this
subsection that when the quasitriangular Poisson Lie group is taken to be the Drinfeld
double (D, πD) of a pair of dual Poisson Lie groups ((G, πG), (G
∗, πG∗)), this Lagrangian
submanifold is essentially the cartesian product of the diagonal in Γ2 with the identity
bisections of ΓG and ΓG∗ .
4.1. The global R-matrix of a Drinfeld double. Let ((G, πG), (G
∗, πG∗)) be a pair of
dual Poisson Lie groups as in §3.2. The theory in [19] is developed under the simplifying
assumption that (G, πG) is complete. Although completeness of (G, πG) is not needed in
this paper (and indeed our main application is with non-complete Poisson Lie groups), we
will assume in this subsection §4.1 that (G, πG) is complete, as to relate more easily our
presentation to that of Weinstein and Xu.
Thus recall from Remark 3.2 that one has a natural identification (Γ, πΓ) ∼= (D, π
+
D
),
and let DG and DG∗ denote respectively D with its structure of groupoid over G and G
∗.
Let Ddiag ⊂ D
2 be the diagonal subgroup and D′ = G∗×G ⊂ D2, and recall the r-matrix
Λ
(2)
g,g∗ ∈ ∧
2(d ⊕ d) defined in (6). It is clear that the multiplication in D2 restricts to a
diffeomorphism Ddiag×D
′ ∼= D2, hence (D, πD) is complete, and by Remark 3.2, (D
2, π+
D2
)
has the structure of a symplectic groupoid over (D ∼= Ddiag, πD), where
π+
D2
= (Λ
(2)
g,g∗)
L + (Λ
(2)
g,g∗)
R
= (ΛLg,g∗ + Λ
R
g,g∗ , Λ
L
g,g∗ + Λ
R
g,g∗)− (Λ
L + ΛR)
= (π+
D
, π+
D
)− (ΛL + ΛR),
and where Λ is defined in (7). Let Dop
G∗
denote DG∗ with the opposite groupoid structure,
so that (Dop
G∗
, π+
D
) is a symplectic groupoid over (G∗,−πG∗). We lift in the following Propo-
sition 4.1 the Poisson isomorphism (G, πG)× (G
∗,−πG∗) ∼= (D, πD) to an isomorphism of
symplectic groupoids (DG, π
+
D
)× (Dop
G∗
, π+
D
) ∼= (D2, π+
D2
).
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Proposition 4.1. The map Ψ : (DG, π
+
D
)× (Dop
G∗
, π+
D
)→ (D2, π+
D2
) given by
Ψ(g1u1, g2u2) = (g1u1u2, g1g2u2), gi ∈ G, ui ∈ G
∗,
is an isomorphism of symplectic groupoids.
Proof. We first prove that Ψ is a Poisson map. Let (xi) be a basis of g and (ξ
i) the dual
basis of g∗. By definition of πG, πG∗ , and the dressing actions in (20) - (21), one has
πG(g) = lgxi ⊗ ̺G(ξ
i)(g), g ∈ G,
πG∗(u) = −ruξ
i ⊗ ϑG∗(xi)(u), u ∈ G
∗.
Hence using (10) and that the multiplication in D gives an isomorphism G×G∗ ∼= D, one
has for gi ∈ G, ui ∈ G
∗,
Ψ(π+
D
(g1u1), 0) = (lg1ru1u2xi, lg1rg2u2xi)⊗ (ru1u2̺G(ξ
i)(g1), rg2u2̺G(ξ
i)(g1))
+ (lg1ru2πG∗(u1), 0)− (lg1ru1u2xi, lg1rg2u2xi) ∧ (lg1ru1u2ξ
i, 0)
= (ru1u2πG(g1), 0) + (0, rg2u2πG(g1)) + (lg1ru1u2xi, 0) ∧ (0, rg2u2̺G(ξ
i)(g1))
+ (lg1ru2πG∗(u1), 0)− (lg1ru1u2xi, lg1rg2u2xi) ∧ (lg1ru1u2ξ
i, 0)
= (ru2π
+
D
(g1u1), 0) + (0, rg2u2πG(g1))
+ (lg1ru1u2xi, 0) ∧ (0, rg2u2̺G(ξ
i)(g1))− (0, lg1rg2u2xi) ∧ (lg1ru1u2ξ
i, 0)
= (ru2π
+
D
(g1u1), 0) + (0, rg2u2πG(g1)) + (lg1ru1u2xi, 0) ∧ (0, rg2u2̺G(ξ
i)(g1))
+ (rg1u1u2 Adg1 ξ
i, 0) ∧ (0, rg1g2u2 Adg1 xi)
= (ru2π
+
D
(g1u1), 0) + (0, rg2u2πG(g1)) + (rg1u1u2, rg1g2u2)(Λ)
= (ru2π
+
D
(g1u1), 0) + (0, rg2u2πG(g1))− r(g1u1u2, g1g2u2)Λ
where the second to last line is obtained using (8). Similarly, one has
Ψ(0, π+
D
(g2u2)) = (lg1u1πG∗(u2), 0) + (0, lg1π
+
D
(g2u2))− l(g1u1u2, g1g2u2)Λ.
Thus again using (10) and the multiplicativity of πG and πG∗ , one has
Ψ(π+
D
(g1u1), π
+
D
(g2u2)) =
(
π+
D
(g1u1u2), π
+
D
(g1g2u2)
)
− r(g1u1u2, g1g2u2)Λ− l(g1u1u2, g1g2u2)Λ
= π+
D2
(g1u1u2, g1g2u2),
hence Ψ is Poisson. Now, for g1, g2 ∈ G and u1, u2 ∈ G
∗, the relations
(g1u1, g2u2) = (gu, gu)(v, k) = (v
′, k′)(g′u′, g′u′),
with
g = g1 ∈ G, u = (g
−1
1 g2)[u2] ∈ G
∗, v = k[u−12 ] ∈ G
∗, k = (g−11 g2)
u2 ∈ G,
g′ = g
u1u
−1
2
1 ∈ G, u
′ = u2 ∈ G
∗, v′ = g1[u1u
−1
2 ] ∈ G
∗, k′ = g2(g
−1
1 )
v ∈ G,
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completely determine the structure of D2, as a groupoid over D. In particular, letting θD,
τD be the source and target map of D
2
⇒ D, one has
θD(Ψ(g1u1, g2u2)) = θD(g1u1u2, g1g2u2) = g1g2[u2] = θG(g1u1)θ
op
G∗
(g2u2),
τD(Ψ(g1u1, g2u2)) = τD(g1u1u2, g1g2u2) = g
u1
1 u2 = τG(g1u1)τ
op
G∗
(g2u2),
where θop
G∗
= τG∗ , τ
op
G∗
= θG∗ are the source and target maps of D
op
G∗
⇒ G∗. Showing that Ψ
commutes with the other groupoid structure maps is a straightforward verification, which
is left to the reader.
Q.E.D.
Recall that ιG∗ denotes the inverse in the groupoid DG∗ ⇒ G
∗, so that
(IdD × ιG∗)Ψ
−1 : (D2, π+
D2
)→ (DG, π
+
D
)× (DG∗ ,−π
+
D
)
is an isomorphism of symplectic groupoids. As−ξi⊗xi ⊂ d⊗d is a quasitriangular r-matrix
for (d, δd), where (xi) is a basis of g and (ξ
i) the dual basis of g∗, by a straightforward
application of [19, Definition 4.3] to the quasitriangular Poisson Lie group (D, πD),
R = {
(
(uv, uk), (u[k]−1u, u[k]−1g)
)
: g, k ∈ G, u, v ∈ G∗} ⊂ D2 ×D2
is the global R-matrix of (D2, π+
D2
). The following Lemma 4.2 is straightforward.
Lemma 4.2. One has
(IdD × ιG∗ × IdD × ιG∗)(Ψ
−1 ×Ψ−1)(R) = G∗ ×Ddiag ×G.
4.2. A Lagrangian bisection associated to a pair of dual Poisson Lie groups.
We no longer assume from now on that (G, πG) is complete. In the spirit of Lemma 4.2,
the Lagrangian submanifold
Γdiag ⊂ (ΓG∗ × ΓG, (−πΓ)× πΓ) ,
should be thought of as a “reduced globalR-matrix” associated to the pair of dual Poisson
Lie groups ((G, πG), (G
∗, πG∗)). In particular,
(22) L := (OΓ)diag ⊂ Γdiag
is an open subset in Γdiag, hence a Lagrangian submanifold of (ΓG∗ × ΓG, (−πΓ)× πΓ),
and a local bisection of ΓG∗ × ΓG, thus induces the local Poisson isomorphism RL of
(G∗,−πG∗)× (G, πG),
RL : O
21
G∗,G → OG∗,G, RL(u, g) = (g[u], g
u), (u, g) ∈ O21
G∗,G,
with inverse
RL−1 : OG∗,G → O
21
G∗,G, RL−1(u, g) = (u
g, u[g]), (u, g) ∈ OG∗,G,
where
O21
G∗,G = {(u, g) : (g, u) ∈ OG,G∗}.
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The local bisection L, or rather L−1, has the role of “twisting” the direct product Lie
group multiplication in G×G∗ into the multiplication in D. Indeed, let
mG,G∗ : G×G
∗ ×G×G∗ → G×G∗
be the direct product multiplication, that is mG,G∗(g1, u1, g2, u2) = (g1g2, u1u2), gi ∈ G,
ui ∈ G
∗, and let mD : D ×D → D be the multiplication in D. Then one has
(23)
mD(g1u1, g2u2) = mD(mG,G∗(g1, u
g2
1 , u1[g2], u2)), g1 ∈ G, u2 ∈ G
∗, (u1, g2) ∈ OG∗,G.
We show in §5 below, how L can be used to construct (local) Poisson groupoids over
mixed product Poisson structures.
5. Local Poisson groupoids over mixed product Poisson structures
The central result of §5 is Theorem 5.4, which is a construction of a local Poisson
groupoid over a mixed product Poisson structure associated to the actions of a pair of
dual Lie bialgebras. We fix a pair of dual Poisson Lie groups ((G, πG), (G
∗, πG∗)) as in
§3.2.
5.1. Twisted multiplicative groupoid actions. Let (Y , πY), (Z, πZ) be local Poisson
groupoids over Poisson manifolds (Y, πY ) and (Z, πZ), and let
µY : (Y , πY)→ (G, πG), µZ : (Z, πZ)→ (G
∗,−πG∗),
be morphisms of local Poisson groupoids, inducing the dressing actions ̺Y : g
∗ → X1(Y)
and ϑZ : g → X
1(Z) defined in (15) and (19). Assume given right Poisson actions ⊳G,
⊳G∗ of (ΓG,−πΓ) on µY and of (ΓG∗ , πΓ) on µZ respectively, which satisfy the twisted
multiplicativity properties
y˜1y˜2 ⊳G γ2 ⋆ γ1 = (y˜1 ⊳G γ1)(y˜2 ⊳G γ2), (y˜1, y˜2) ∈ Y
(2)
0 , (γ2, γ1) ∈ Γ
(2)
G∗
,(24)
z˜1z˜2 ⊳G∗ γ1γ2 = (z˜1 ⊳G∗ γ1)(z˜2 ⊳G∗ γ2), (z˜1, z˜2) ∈ Z
(2)
0 , (γ1, γ2) ∈ Γ
(2)
G ,(25)
whenever the left and right hand side of (24) - (25) are defined.
Remark 5.1. Assume that (Z, πZ) is a Poisson groupoid. Using [20, Theorem 2.4], it is
easy to see that ϑZ satisfies
(26) ϑZ(x)(z˜1z˜2) = dmZ(ϑZ(x)(z˜1), ϑZ(Ad
∗
µZ(z˜1)
x)(z˜2)), (z˜1, z˜2) ∈ Z
(2), x ∈ g,
where mZ : Z
(2) → Z is the groupoid multiplication map. If furthermore (G, πG) is
complete and ϑZ integrates to a group action (g, z˜) 7→ g[z˜] of G on Z, (26) is equivalent
to
(27) g[z˜1z˜2] = g[z˜1]g
µZ(z˜1)[z˜2], (z˜1, z˜2) ∈ Z
(2), g ∈ G,
which is nothing but (25), rewritten using the fact that ΓG∗ is an action groupoid, see
Remark 3.2. Condition (27) first appeared in [3] (see also [11]), from which we have
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borrowed the expression “twisted multiplicative”. Fernandes and Ponte prove that if
(Z, πZ) is a source simply connected symplectic groupoid and if (G, πG) is complete, ϑZ
integrates to a group action satisfying (27). ⋄
We write the groupoid structure maps of Y ⇒ Y and Z ⇒ Z using subscripts, e.g θY ,
θZ are the respective source maps, etc. By letting the identity bisection of ΓG and ΓG∗ act
on the identity bisection of (Y , πY) and (Z, πZ) respectively, one obtains actions
̺Y : Y ×G
∗ → Y and ϑZ : G× Z → Z,
which we denote by ̺Y (y, u) = y
u and ϑZ(g, z) = g[z], satisfying
θY(y˜ ⊳G γ) = θY(y˜)
τG∗ (γ), τY(y˜ ⊳G γ) = τY(y˜)
θG∗ (γ), (y˜, γ) ∈ Y ∗ ΓG,(28)
θZ(z˜ ⊳G∗ γ) = θG(γ)[θZ(z˜)], τZ(z˜ ⊳G∗ γ) = τG(γ)[τZ(z˜)], (z˜, γ) ∈ Z ∗ ΓG∗ .
Lemma 5.2. Let y˜ ∈ Y, z˜ ∈ Z, x ∈ g and ξ ∈ g∗. Then one has
θY(̺Y(ξ)(y˜)) = ̺Y (Ad
∗
µY (y˜)−1
ξ)(θY(y˜)) and τZ(ϑZ(x)(z˜)) = ϑZ(Ad
∗
µZ (z˜)
x)(τZ(y˜)).
Proof. Let u ∈ G∗. The first relation is obtained by differentiating
θY(y˜ ⊳G γθY(y˜), u) = θY(y˜)
µY (y˜)[u]
with respect to u and using (14) and (16). The second relation is similarly proved.
Q.E.D.
Lemma 5.3. The actions ̺Y : (Y, πY )× (G
∗, πG∗)→ (Y, πY ) and ϑZ : (G, πG)× (Z, πZ)→
(Z, πZ) are Poisson actions.
Proof. Indeed, the graph of ̺Y in Y ×G
∗×Y is the image of the graph of ⊳G in Y×ΓG×Y
under the anti-Poisson map
τY × θG∗ × τY : (Y × ΓG × Y , πY × (−πΓ)× (−πY))→ (Y ×G
∗ × Y, πY × πG∗ × (−πY )).
Thus the graph of ̺Y is coisotropic in (Y ×G
∗× Y, πY × πG∗ × (−πY )), which means that
̺Y is Poisson. A similar argument shows that ϑZ is Poisson.
Q.E.D.
Hence one can equip Y × Z with the mixed product Poisson structure πY ×(̺Y ,ϑZ) πZ .
5.2. The local Poisson isomorphism RL. As (ΓG∗ × ΓG, πΓ× (−πΓ)) acts on µZ × µY,
the local Lagrangian bisection L induces the local Poisson isomorphism
RL : (O
21
Z,Y, πZ × πY)→ (OZ,Y, πZ × πY),
where
O21
Z,Y = (µZ × µY)
−1(O21
G∗,G) ⊂ Z × Y and OZ,Y = (µZ × µY)
−1(OG∗,G) ⊂ Z × Y ,
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given by
RL(z˜, y˜) = (z˜ ⊳G∗ γµY(y˜), µZ(z˜), y˜ ⊳G γµY (y˜), µZ (z˜)), (z˜, y˜) ∈ O
21
Z,Y,
recall (12). One has the left action
γ ⊲G y˜ := y˜ ⊳G ιG(γ), (z˜, ιG(γ)) ∈ Y ∗ ΓG,
of (ΓG, πΓ) on µY , and similarly, the left action
γ ⊲G∗ z˜ := z˜ ⊳G∗ ιG∗(γ), (z˜, ιG∗(γ)) ∈ Z ∗ ΓG∗
of (ΓG∗ ,−πΓ) on µY. Then the inverse of RL,
RL−1 : (OZ,Y, πZ × πY)→ (O
21
Z,Y, πZ × πY)
is given by
RL−1(z˜, y˜) = (γ
µZ (z˜), µY (y˜) ⊲G∗ z˜, γ
µZ (z˜), µY (y˜) ⊲G y˜), (z˜, y˜) ∈ OZ,Y.
5.3. Local Poisson groupoids over mixed product Poisson structures. Let
Y ×L Z
denote Y × Z equipped with the following local groupoid structure maps:
source map : θ(y˜, z˜) = (θY(y˜), µY(y˜)[θZ(z˜)]), (y˜, z˜) ∈ Y ×(µY ,µZ) Z,(29)
target map : τ(y˜, z˜) = (τY(y˜)
µZ(z˜), τZ(z˜)), (y˜, z˜) ∈ Y ×(µY ,µZ ) Z,
identity bisection : ε(y, z) = (εY(y), εZ(z)), (y, z) ∈ Y × Z,
inverse map : when (z˜, y˜) ∈ R−1
L
(
OZ,Y ∩ (Z
(−1) × Y (−1))
)
,
ι(y˜, z˜) =
(
ιY(y˜ ⊳G γµY (y˜), µZ (z˜)), ιZ(z˜ ⊳G∗ γµY(y˜), µZ(z˜)
)
,
multiplication : when τ(y˜1, z˜1) = θ(y˜2, z˜2) and (z˜1, y˜2) ∈ OZ,Y,
(y˜1, z˜1) · (y˜2, z˜2) =
(
y˜1
(
γµZ (z˜1), µY (y˜2) ⊲G y˜2
)
,
(
γµZ (z˜1), µY (y˜2) ⊲G∗ z˜1
)
z˜2
)
.
Theorem 5.4. The maps in (29) determine a well-defined local groupoid structure on
Y × Z and (Y ×L Z, πY × πZ) is a local Poisson groupoid over (Y × Z, πY ×(̺Y ,ϑZ) πZ),
such that the map
µ : (Y ×L Z, πY × πZ)→ (D, πD), µ(y˜, z˜) = µY(y˜)µZ(z˜), (y˜, z˜) ∈ Y ×L Z,
is a morphism of local Poisson groupoids.
Proof. Checking that (29) sastisfies the axioms of a local groupoid is lengthy but straight-
forward. For example, let (y˜1, z˜1), (y˜2, z˜2) be composable elements of Y ×L Z and write
20 VICTOR MOUQUIN
gi = µY(y˜i), ui = µZ(z˜i). Using (28), one has
θ ((y˜1, z˜1) · (y˜2, z˜2)) = (θY(y˜1(γ
u1, g2 ⊲G y˜2)), (g1u1[g2])[θZ((γ
u1, g2 ⊲G∗ z˜1)z˜2)])
= (θY(y˜1), (g1u1[g2])[θZ(γ
u1, g2 ⊲G∗ z˜1)])
=
(
θY(y˜1), (g1u1[g2]θG(γ˜ug21 , g
−1
2
))[θZ(z˜1)]
)
= (θY(y˜1), g1[θZ(z˜1)]) = θ(y˜1, z˜1),
and a similar calculation gives τ ((y˜1, z˜1) · (y˜2, z˜2)) = τ(y˜2, z˜2). Let now (y˜3, z˜3) be a third
element such that both ((y˜1, z˜1) · (y˜2, z˜2))·(y˜3, z˜3) and (y˜1, z˜1)·((y˜2, z˜2) · (y˜3, z˜3)) are defined.
Then writing g3 = µY(y˜3), u3 = µZ(z˜3), and using (11), (13), (24), and (25), one has
((y˜1, z˜1) · (y˜2, z˜2)) · (y˜3, z˜3) =
(
y˜1(γ
u1, g2 ⊲G y˜2)(γ
u
g2
1 u2, g3 ⊲G y˜3),
(
γu
g2
1 u2, g3 ⊲G∗ (γ
u1, g2 ⊲G∗ z˜1)z˜2
)
z˜3
)
=
(
y˜1(γ
u1, g2 ⊲G y˜2)(γ
u
g2
1 , u2[g3]γu2, g3 ⊲G y˜3),
(
(γu
g2
1 , u2[g3]γu2, g3)⊲G∗ (γ
u1, g2 ⊲G∗ z˜1)z˜2
)
z˜3
)
=
(
y˜1(γ
u1, g2u2[g3] ⊲G y˜2(γ
u2, g3 ⊲G y˜3)),
(γu1, g2u2[g3] ⊲G∗ z˜1)(γ
u2, g3 ⊲G∗ z˜2)z˜3
)
= (y˜1, z˜1) · ((y˜2, z˜2) · (y˜3, z˜3)) .
We leave to the reader to check the remaining axioms.
By construction, the graph GrL ⊂ (Y × Z)
3 of the multiplication in Y ×L Z is
GrL = (IdY ×RL × IdZ × IdY × IdZ)
(
Gr ∩ (Y × O21
Z,Y × Z × Y × Z
)
,
where Gr ⊂ (Y × Z)3 is the graph of the direct product groupoid multiplication. Hence
GrL is a coisotropic submanifold, when (Y × Z)
3 is equipped with the Poisson structure
πY × πZ × πY × πZ × (−πY)× (−πZ), thus (Y ×L Z, πY × πZ) is a local Poisson groupoid.
As the multiplication map in D induces a Poisson map (G, πG)× (G
∗,−πG∗)→ (D, πD),
the map µ is Poisson, and it is a morphism of groupoids by (23). We prove in the
Proposition 5.5 below that θ(πY × πZ) = πY ×(̺Y ,ϑZ) πZ , which will then conclude the
proof of Theorem 5.4.
Q.E.D.
Proposition 5.5. One has
θ(πY × πZ) = πY ×(̺Y ,ϑZ) πZ = −τ(πY × πZ).
Proof. We only prove the first equality, as the second is treated similarly. Let pY , pZ
be the projections from Y × Z to the first and second factor. By Lemma 5.3, one has
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pY θ(πY × πZ) = πY and pZθ(πY × πZ) = πZ . Let
µ(̺Y ,ϑZ) = −(̺Y (ξ
i), 0) ∧ (0, ϑZ(xi))
be the mixed term of πY ×(̺Y ,ϑZ) πZ, where (xi) is a basis of g and (ξ
i) the dual basis of
g∗, and let (y˜, z˜) ∈ Y ×Z, (y, z) = (θY(y˜), θZ(z˜)), g = µY(y˜), and let α ∈ T
∗
y Y , β ∈ T
∗
g[z]Z.
In order to complete the proof of Proposition 5.5, one only needs to show that
〈πY × πZ, θ
∗(p∗
Y
α ∧ p∗
Z
β)〉 = 〈µ(̺Y ,ϑZ), p
∗
Y
α ∧ p∗
Z
β〉.
Let pY, pZ be the projections from Y × Z to the first and second factor. As
θ∗p∗
Y
α = p∗
Y
θ∗
Y
α,
θ∗p∗
Z
β = p∗
Y
µ∗
Y
r∗g−1ϑ
∗
Z
β + p∗
Z
θ∗
Z
g∗[β],
using Lemma 5.2, one gets
〈πY × πZ, θ
∗(p∗
Y
α ∧ p∗
Z
β)〉 = 〈πY × πZ , p
∗
Y
θ∗
Y
α ∧ (p∗
Y
µ∗
Y
r∗g−1ϑ
∗
Z
β + p∗
Z
θ∗
Z
g∗[β])〉
= 〈πY, θ
∗
Y
α ∧ µ∗
Y
r∗g−1ϑ
∗
Z
β〉 = −〈̺Y(Ad
∗
g ϑ
∗
Z
β), θ∗
Y
α〉
= −〈θY
(
̺Y(Ad
∗
g ϑ
∗
Z
β)
)
, α〉 = −〈̺Y (ϑ
∗
Z
β), α〉
= 〈µ(̺Y ,ϑZ), p
∗
Y
α ∧ p∗
Z
β〉,
which concludes the proof.
Q.E.D.
Remark 5.6. When (Y ⇒ Y, πY), (Z ⇒ Y, πZ) are taken to be the source simply con-
nected symplectic groupoids integrating (Y, πY ) and (Z, πZ), and µY, µZ the groupoid
morphisms integrating the Lie algebroid morphisms
̺∗
Y
: T ∗Y → g, 〈̺∗
Y
(α), ξ〉 = 〈α, ̺Y (ξ)(y)〉, ξ ∈ g
∗, α ∈ T ∗y Y, y ∈ Y,
ϑ∗
Z
: T ∗Z → g∗, 〈ϑ∗
Z
(β), x〉 = 〈β, ϑZ(x)(z)〉, x ∈ g, β ∈ T
∗
z Z, z ∈ Z,
(see [20, Proposition 6.1]), Theorem 5.4 constructs a local symplectic groupoid over (Y ×
Z, πY ×(̺Y ,ϑZ) πZ). ⋄
Example 5.7. Identify T ∗C with C2 and let (p, q) 7→ q be the standard projection, and
equip T ∗C with its canonical Poisson structure π = ∂p∧∂q. Let µ : T
∗C→ C∗ be the map
µ(p, q) = epq, (p, q) ∈ T ∗C. Then µ : (T ∗C, π) → (C∗, πG = 0) is a morphism of Poisson
groupoids, where (C∗, 0) is a complete Poisson Lie group. As ΓC∗ ∼= C
∗ ×C∗ is the action
groupoid associated to the trivial action of C∗ on itself,
(p, q)⊳ (epq, z) = (z−1p, zq), z ∈ C∗, (p, q) ∈ T ∗C.
defines Lie groupoid action of ΓC∗ on µ. As ((C
∗, 0), (C∗, 0)) is a pair of dual Poisson Lie
groups, applying Theorem 5.4 to µY = µ and µZ = µ,(
(T ∗C)2 ∼= T ∗(C2), ∂p1 ∧ ∂q1 + ∂p2 ∧ ∂q2
)
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becomes a symplectic groupoid over (C2,−q1q2∂q1 ∧ ∂q2), with groupoid structure given
by
source map : θ(p1, p2, q1, q2) = (q1, e
p1q1q2)
target map : τ(p1, p2, q1, q2) = (e
p2q2q1, q2),
identity bisection : ε(q1, q2) = (0, 0, q1, q2),
inverse map : ι(p1, p2, q1, q2) = (−e
p1q1q2, −e
p2q2q1),
multiplication : when (ep2q2q1, q2) = (q
′
1, e
p′1q
′
1q′2),
(p1, p2, q1, q2) · (p
′
1, p
′
2, q
′
1, q
′
2) = (p1 + e
p2q2p′1, p
′
2 + e
p′1q
′
1p2, q1, q
′
2).
See [8], where this symplectic groupoid was constructed by different methods. ⋄
6. A pair of dual Poisson Lie groups associated to a standard semisimple
Poisson Lie group
We recall in this section the standard complex semisimple Poisson Lie groups and an
associated pair of dual Poisson Lie groups. Everything in this section is standard, and we
refer to [12, 13, 14] for details.
6.1. Standard complex semisimple Poisson Lie groups. Let g be a complex semisim-
ple Lie algebra with a fixed pair (b, b−) of opposite Borel subalgebras and a fixed non-
degenerate symmetric ad-invariant bilinear form 〈 , 〉g, and let h = b∩ b−. Let △ ⊂ h
∗ be
the roots of g with respect to h and △+ ⊂ △ the positive roots defined by b. One has
the triangular decomposition g = h+
∑
α∈△ gα, and let n =
∑
α∈△+
gα, n− =
∑
α∈△+
g−α.
For each α ∈ △+, we fix root vectors E±α ∈ g±α such that 〈Eα, E−α〉g = 1.
Let G be a connected complex Lie group with Lie algebra g, and let B, B−, T , N ,
N−, be the connected subgroups of G with respective Lie algebras b, b−, h, n, n−. Let
W = NG(T )/T be the Weyl group of (G, T ), where NG(T ) is the normaliser subgroup of
T , and let l : W → N be the length function of W . Let
Λst =
∑
α∈△+
E−α ∧ Eα ∈ ∧
2g
be the standard skew-symmetric r-matrix associated to the triple (b, b−, 〈 , 〉g), and
δst : g→ ∧
2g, δst(x) = [x,Λst], x ∈ g,
the corresponding standard Lie bialgebra structure on g. The bivector field πst = Λ
L
st−Λ
R
st
is a holomorphic multiplicative Poisson structure on G such that (G, πst) has Lie bialgebra
(g, δg), and (G, πst) is called a standard complex semisimple Poisson Lie group. Equipping
the direct sum Lie algebra g⊕ g with the bilinear form
〈(x, x′), (y, y′)〉g⊕g = 〈x, y〉g − 〈x
′, y′〉g, x, x
′, y, y′ ∈ g,
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one has the Manin triple ((g⊕ g, 〈 , 〉g⊕g), gdiag, g
′), where gdiag is the diagonal subalgebra
and
g′ = {(x+ + x, −x+ x−) : x+ ∈ n, x− ∈ n−, x ∈ h},
such that (g, δst) ∼= (gdiag, δgdiag) under the isomorphism x 7→ (x, x), x ∈ g. Thus (g ⊕
g, 〈 , 〉g⊕g) is the double Lie algebra of (g, δst).
6.2. The coisotropic submanifold Cu. For u ∈ W and any representative u¯ ∈ NG(T )
of u, let
Cu¯ = Nu¯ ∩ u¯N− ⊂ G.
By [12, Lemma 10], Cu¯ is a coisotropic submanifold of (G, πst) well known to be isomorphic
to Cl(u), and the multiplication in G induces algebraic isomorphisms
(30) Cu¯ ×B → BuB, (c, b) 7→ cb and B− × Cu¯ → B−uB−, (b−, c) 7→ b−c.
If u = (u1, . . . , un) ∈ W
n, where n ≥ 1, and if u¯ = (u¯1, . . . , u¯n) ∈ NG(T )
n is a representa-
tive for u, let
Cu¯ = Cu¯1 × · · · × Cu¯n,
and we will make use of the following notation: for c = (c1, . . . , cn) ∈ Cu¯, we write
(31) c = c1 · · · cn ∈ G.
6.3. The pair ((B, πst), (B−,−πst)) of dual Poisson Lie groups. The Lie algebras b,
b− are sub-Lie bialgebras of (g, δst), and it is shown in [12, Section 4] that when identifying
b and b− as dual vector spaces under the bilinear pairing
〈x+ + x0, y− + y0〉(b,b−) = −〈x+, y−〉g − 2〈x0, y0〉g, x+ ∈ n, x0, y0 ∈ h, y− ∈ n−,
between b and b−, ((b, δst), (b−,−δst)) is a pair of dual Lie bialgebras. In particular, if
{Hi}
r
i=1 is a basis of h satisfying 2〈Hi, Hj〉g = δi,j, the bases
{−Eα}α∈△+ ∪ {−Hi}
r
i=1 and {E−α}α∈△+ ∪ {Hi}
r
i=1
of b and b− are dual with respect to 〈 , 〉(b,b−). Let d = g⊕ h as a direct sum Lie algebra,
let 〈 , 〉d be the restriction to d ⊂ g⊕ g of the bilinear form −〈 , 〉g⊕g, and embed b, b− in
d as b¯ = {x¯ : x ∈ b} and b¯− = {ξ¯ : ξ ∈ b−}, where
x¯ = (x+ + x0, x0), if x = x+ + x0, with x+ ∈ n, x0 ∈ h,
ξ¯ = (y− + y0, −y0), if ξ = y− + y0, with y− ∈ n−, y0 ∈ h.
One checks that ((d, 〈 , 〉d), b¯, b¯−) is a Manin triple with 〈x¯, ξ¯〉d = 〈x, ξ〉(b,b−), for x ∈ b,
ξ ∈ b−, thus (d, δd) is the double Lie bialgebra of (b, δst).
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Both B and B− are Poisson Lie subgroups of (G, πst) and ((B, πst), (B−,−πst)) is a
pair of dual Poisson Lie groups with Drinfeld double D = G× T , in which B and B− are
embedded as B¯ = {b¯ : b ∈ B} and B¯− = {b¯− : b− ∈ B−}, where
b¯ = (hn, h), if b = hn, with n ∈ N, h ∈ T,
b¯− = (mh, h
−1), if b− = mh, with m ∈ N−, h ∈ T.
The intersection of B¯ and B¯− is B¯ ∩ B¯− = T¯
(2) = T¯ (2), where T (2) = {t ∈ T : t2 = e}.
Applying the theory recalled in §3.2, one has the two Poisson structures on D, πD =
ΛLb,b− − Λ
R
b,b−
, π+
D
= ΛLb,b− + Λ
R
b,b−
, where
Λb,b− =
∑
α∈△+
E¯−α ∧ E¯α,
and in particular, the projection to the first factor
(32) (D, πD)→ (G, πst), (g, h) 7→ g, g ∈ G, h ∈ T,
is a morphism of Poisson Lie groups. Let
Γ = {(b, b−, b
′
−, b
′) ∈ B × B− ×B− ×B : b¯b¯− = b¯
′
−b¯
′},
and let πΓ be the non-degenerate Poisson structure on Γ defined in §3.2. Recall that
(Γ, πΓ) has two symplectic groupoid structures: one over (B, πst), denoted by ΓB, and one
over (B−,−πst), denoted by ΓB−. Finally recall the dressing actions ̺B : b− → X
1(B) and
ϑB− : b→ X
1(B−) defined in (20), (21).
7. Generalised Double Bruhat cells
In this section, we recall from [13, 14] the generalised double Bruhat cell Gu,v and the
generalised Bruhat cell Ou associated to finite sequences u,v ∈ W n, where n ≥ 1, and
the holomorphic Poisson structures π˜n,n on G
u,v and πn on O
u.
We fix in this section a connected standard semisimple Poisson Lie group (G, πst) as in
§6, and recall our notational conventions in §1.3.2.
7.1. Some quotient manifolds associated to (G, πst). We recall in this subsection
some quotient manifolds associated to (G, πst) which were introduced in [13, 14]. For an
integer n ≥ 1, let
F˜n = G×B · · · ×B G, Fn = G×B · · · ×B G/B,
F˜−n = G×B− · · · ×B− G, F
′
−n = B−\G×B− · · · ×B− G.
Then πnst descends to well defined Poisson structures
π˜n = ̟F˜n(π
n
st), πn = ̟Fn(π
n
st),
π˜−n = ̟F˜−n(π
n
st), π
′
−n = ̟F ′−n(π
n
st),
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and one has a left Poisson action of (B, πst) on (Fn, πn) and a right Poisson action of
(B−, πst) on (F
′
−n, π
′
−n) given by
λFn(b, [g1, . . . , gn]Fn) = [bg1, g2, . . . , gn]Fn , b ∈ B, gi ∈ G,
ρF ′−n([g1, . . . , gn]F ′−n , b−) = [g1, . . . , gn−1, gnb−]F ′−n , b− ∈ B−, gi ∈ G.
By §6.3, one has the dual Poisson Lie groups
(33) (L∗, πL∗) = (B,−πst)× (B, πst) and (L, πL) = (B−, πst)× (B−,−πst),
and
ρF˜n ([g1, . . . , gn]F˜n , (b1, b2)) = [b
−1
1 g1, g2, . . . , gn−1, gnb2]F˜m , gj ∈ G, bi ∈ B,
λF˜−n
(
(b−1, b−2), [g1, . . . , gn]F˜−n
)
= [b−1g1, g2, . . . , gn−1, gnb
−1
−2]F˜−n , gj ∈ G, b−i ∈ B−,
are a right Poisson action of (L∗, πL∗) on (F˜n, π˜n) and a left Poisson action of (L, πL) on
(F˜−n, π˜−n), and let
π˜n,n = π˜n ×(ρ
F˜n
,λ
F˜−n
) π˜−n
be the mixed product Poisson structure on F˜n,n = F˜n × F˜−n associated to the pair
(ρF˜n , λF˜−n). The maximal torus T acts by Poisson isomorphisms on the Poisson mani-
folds (F˜±n, π˜±n), (Fn, πn), and (F˜n,n, π˜n,n) by
t · [g1, . . . , gn]F˜±n = [tg1, g2, . . . , gn]F˜±n , t · [g1, . . . , gn]Fn = [tg1, g2, . . . , gn]Fn,
t ·
(
[g1, . . . , gn]F˜n, [h1, . . . , hn]F˜−n
)
=
(
[tg1, g2, . . . , gn]F˜n , [th1, h2, . . . , hn]F˜−n
)
,
where t ∈ T , gj, hj ∈ G, and the T -orbits of symplectic leaves of these Poisson manifolds
are described in [14].
7.2. Generalised Bruhat cells. Let n ≥ 1 and u = (u1, . . . , un) ∈ W
n. The submani-
folds
Ou = Bu1B ×B · · · ×B BunB/B ⊂ Fn,
O′−u = B−\B−u1B− ×B− · · · ×B− B−unB− ⊂ F
′
−n,
are Poisson submanifolds of (Fn, πn) and (F
′
−n, π
′
−n), called in [14] generalised Bruhat cells.
Let u¯ ∈ NG(T )
n be a representative of u. By an inductive use of the isomorphisms in
(30), the maps
̟Fn |Cu¯ : Cu¯ → O
u, and ̟F ′n |Cu¯: Cu¯ → O
′−u,
are diffeomorphisms, hence in particular Ou ∼= Cl(w1)+···+l(wn). Slightly abusing the nota-
tion, for c = (c1, . . . , cn) ∈ Cu¯, we will write [c]Fn = ̟Fn(c) and [c]F ′−n = ̟F ′n(c).
Lemma 7.1. The isomorphism
Iu : (O
′−u, π′−n)→ (O
u, πn), Iu([c]F ′−n) = [c]Fn , c ∈ Cu¯,
is an anti-Poisson map.
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Proof. Recall that a Poisson pair is a pair of Poisson maps φY : (X, πX) → (Y, πY ),
φZ : (X, πX)→ (Z, πZ) between Poisson manifolds such that the map
φ : (X, πX)→ (Y × Z, πY × πZ), φ(x) = (φY (x), φZ(x)), x ∈ X,
is Poisson. By [1, Lemma A.1], if X ′ is a coisotropic submanifold of (X, πX) such that
φY |X′ : X
′ → Y is a diffeomorphism, φZ ◦ (φY |X′)
−1 : (Y, πY )→ (Z, πZ) is an anti-Poisson
map. By [13, Section 8], ̟Fn and ̟F ′−n form a Poisson pair, and Cu¯ is a coisotropic
submanifold of (Gn, πnst) contained in G
u1,u1 × · · ·×Gun,un, thus Lemma 7.1 follows by [1,
Lemma A.1]. Note that Lemma 7.1 is proved in [1, Proposition 5.15] when u consists of
simple reflections in W .
Q.E.D.
The Poisson action λFn restricts to a Poisson action of (B, πst) on (O
u, πn), which we
denote by λu : (B, πst) × (O
u, πn) → (O
u, πn), and by Lemma 7.1, one also has a right
action of (B−,−πst) on (O
u, πn) given by
ρu([c]Fn , b−) = Iu(ρF ′−n([c]F ′−n , b−)), b− ∈ B−, c ∈ Cu¯.
Consequently, via the diffeomorphisms ̟Fn |Cu¯ and ̟F ′n |Cu, one has a left action of B on
Cu¯ and a right action of B− on Cu¯, denoted by
(b, c) 7→ b[c], (c, b−) 7→ c
b−, b ∈ B, b− ∈ B−, c ∈ Cu¯,
such that
λu(b, [c]Fn) = [b[c]]Fn and ρu([c]Fn , b−) = [c
b− ]Fn, b ∈ B, b− ∈ B−, c ∈ Cu¯.
Lemma 7.2. For z ∈ Ou, let Σz ⊂ O
u be the T -orbit of symplectic leaves of (Ou, πn)
containing z. Then
(34) TzO
u = λu(b)(z) + TzΣz.
Proof. Denote the natural left action of G on G/B by λ1(g, g
′.B) = gg′.B, g, g′ ∈ G, and
consider the map
µn : Fn → G/B, µn([g1, . . . , gn]Fn) = g1g2 · · · gn.B, gj ∈ G.
By [14, Theorem 1.1], µn(TzΣz) = λ1(b−)(µn(z)). Thus (34) follows, since µn is B-
equivariant with respect to the actions λFn and λ1 of B.
Q.E.D.
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7.3. The Poisson structures π˜±n on BuB and B−uB− as mixed products. Let
n ≥ 1 and u ∈ W n be as in §7.2 and let
BuB = Bu1B ×B · · · ×B BunB ⊂ F˜n,
B−uB− = B−u1B− ×B− · · · ×B− B−unB− ⊂ F˜−n.
As (B,B)- and (B−, B−)-cosets in G are Poisson submanifolds of πst, BuB and B−uB−
are Poisson submanifolds of (F˜n, π˜n) and (F˜−n, π˜−n). Using (30) inductively, one has
diffeomorphisms
J+
u¯
: Ou × B → BuB, J+
u¯
([c1, . . . , cn]Fn, b) = [c1, . . . , cnb]F˜n ,
J−
u¯
: B− ×O
u → B−uB−, J
−
u¯
(b−, [c1, . . . , cn]Fn) = [b−c1, . . . , cn]F˜−n,
where (c1, . . . , cn) ∈ Cu¯, b ∈ B, and b− ∈ B−. Let
λ+ : (B, πst)× (B, πst)→ (B, πst), ρ− : (B−, πst)× (B−, πst)→ (B−, πst),
be respectively the action of (B, πst) on itself by left multiplication, and the action of
(B−, πst) on itself by right multiplication. The goal of this subsection is to prove the
following
Proposition 7.3. One has
(J+
u¯
)−1(π˜n) = πn ×(ρu, λ+) πst,(35)
(J−
u¯
)−1(π˜−n) = πst ×(ρ−, λu) (−πn),(36)
where the pair of dual Poisson Lie groups involved in (35) and (36) are respectively
((B−,−πst), (B, πst)) and ((B−, πst), (B,−πst)).
As the proofs of (35) and (36) are similar, we will only prove (36). The proof of
Proposition 7.3 is completely similar to the proof of [12, Proposition 9]. In particular,
Lemmas 7.5 and 7.6 below are completely analogous to [12, Proposition 9] and [12, Remark
9].
Lemma 7.4. The maps
q−
u¯
:(B−uB−, π˜−n)→ (B−, πst), q
−
u¯
([b−c1, . . . , cn]F˜−n) = b−, (c1, . . . , cn) ∈ Cu¯, b− ∈ B−,
q+
u¯
:(BuB, π˜n)→ (B, πst), q
+
u¯
([c1, . . . , cnb]F˜n) = b, (c1, . . . , cn) ∈ Cu¯, b ∈ B,
are Poisson.
Proof. When n = 1, Lemma 7.4 is proven in [12, Lemma 11], and for n > 1, let u′ =
(u2, . . . , un). Then the statement for q
−
u¯
follows by induction as a consequence of the
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following commutative diagram
(B−u1B−, πst)× (B−u
′B−, π˜−(n−1)) (B−u1B−, πst)
(B−uB−, π˜−n) (B−, πst),
q−u¯1
q−
u¯
where the top arrow is the map
(g1, [g2, . . . , gn]F˜−(n−1)) 7→ g1q
−
u¯
′([g2, . . . , gn]F˜−(n−1)), gi ∈ B−uiB−,
and the first vertical arrow the map
(g1, [g2, . . . , gn]F˜−(n−1)) 7→ [g1, g2, . . . , gn]F˜−n , gi ∈ B−uiB−.
The statement for q+
u¯
is proven similarly.
Q.E.D.
By definition of π˜n,n it is clear that F˜n×B−uB− is a Poisson submanifold of (F˜n,n, π˜n,n).
Let λ− : (B−, πst) × (B−, πst) → (B−, πst) be the left action of (B−, πst) on itself by left
multiplication. The following Lemma 7.5 is analogous to [12, Proposition 9].
Lemma 7.5. Let Ku¯ : F˜n × B−uB− → Fn ×B− be the map
Ku¯([g1, . . . , gn]F˜n, [b−c1, . . . , cn]F˜−n) = ([g1, . . . , gn]Fn , b−), gi ∈ G, ci ∈ Cu¯i, b− ∈ B−.
Then one has Ku¯(π˜n,n) = πn ×(−λFn , λ−) πst, where the pair of dual Poisson Lie groups
involved in the mixed product is ((B,−πst), (B−, πst)).
Proof. By definition of π˜n,n, one has π˜n,n = (π˜n, 0) + (0, π˜−n)− µ1 − µ2, where
µ1 = ρF˜n(xi, 0) ∧ λF˜−n(ξ
i, 0), and µ2 = ρF˜n(0,−xi) ∧ λF˜−n(0, ξ
i),
where (xi) is any basis of b and (ξ
i) the dual basis of b− with respect to 〈 , 〉(b,b−). By
Lemma 7.4 one has Ku¯(0, π˜−n) = (0, πst), and by definition of Ku¯, one has Ku¯(π˜n, 0) =
(πn, 0), Ku¯(µ2) = 0, and Ku¯(µ1) coincides with the mixed term of πn×(−λFn , λ−) πst. This
proves Lemma 7.5.
Q.E.D.
The following Lemma 7.6 is a straightforward calculation completely similar to [12,
Remark 9].
Lemma 7.6. Let Φ : Fn ×B− → B− × Fn be the map
Φ([g1, . . . , gn]Fn , b−) = (b−, [b
−1
− g1, g2, . . . , gn]Fn), gi ∈ G, b− ∈ B−.
Then one has Φ(πn ×(−λFn , λ−) πst) = πst ×(ρ−,λFn) (−πn).
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Let Λgdiag,g′ ∈ ∧
2(g⊕ g) be the skew-symmetric r-matrix associated to the Lagrangian
splitting g⊕g = gdiag+g
′, and let Πst = Λ
L
gdiag,g
′−ΛRgdiag ,g′ ∈ X
2(G×G) be the corresponding
holomorphic multiplicative Poisson structure on G × G. Then the Poisson structure Πnst
on (G×G)n descends to a well defined Poisson structure πF˜n = ̟F˜n(Π
n
st) on F˜n, where
F˜n = (G×G)×B×B− · · · ×B×B− (G×G),
and by [13, Proposition 8.3] the diffeomorphism SF˜n : F˜n → F˜n,n,
SF˜n([(g1, h1), . . . , (gn, hn)]F˜n) =
(
[g1, . . . , gn]F˜n, [h1, . . . , hn]F˜−n
)
, gi, hi ∈ G,
is a Poisson isomorphism between (SF˜n , πF˜n) and (F˜n,n, π˜n,n).
Proof of Proposition 7.3. As g 7→ (g, g), g ∈ G is a Poisson embedding of (G, πst) into
(G×G,Πst) and as B−uiB− is a Poisson submanifold of (G, πst), (36) is now a consequence
of Lemmas 7.5 and 7.6, and of the following commutative diagram
B−u1B− × · · · × B−unB− (B−u1B−)diag × · · · × (B−unB−)diag
B−uB− B− ×O
u,
̟
F˜−n Φ◦Ku¯◦SF˜n◦̟F˜n
(J−
u¯
)−1
where the top arrow is the map g 7→ (g, g), g ∈ B−uiB−, applied on each factor.
Q.E.D.
7.4. The Poisson structure π˜n,n on BuB×B−vB− as a mixed product. Let n ≥ 1
and u ∈ W n be as in §7.2. For c ∈ Cu¯, b ∈ B and b− ∈ B−, and recalling the notation in
(31), let
(37) bu¯(b, c) ∈ B and b−u¯(b−, c) ∈ B−
be the well defined elements such that
bc = b[c] bu¯(b, c), and cb− = b−u¯(b−, c)c
b−.
Recalling the groups L and L∗ defined in (33), one has, via the diffeomorphisms J±
u¯
the
right action of L∗ on Ou × B and the left action of L on B− ×O
u given by
ρ˜u¯ (([c]Fn , b), (b1, b2)) = (J
+
u¯
)−1
(
ρF˜n
(
J+
u¯
([c]Fn, b), (b1, b2)
))
,
λ˜u¯ ((b−1, b−2), (b−, [c]Fn)) = (J
−
u¯
)−1
(
λF˜−n
(
(b−1, b−2), J
−
u¯
(b−, [c]Fn)
))
,
where c ∈ Cu¯, b, b1, b2 ∈ B, and b−, b−1, b−2 ∈ B−. The next Lemma 7.7 is straightforward.
Lemma 7.7. One has
ρ˜u¯ (([c]Fn , b), (b1, b2)) =
(
λu(b
−1
1 , [c]Fn), bu¯(b
−1
1 , c)bb2
)
,
λ˜u¯ ((b−1, b−2), (b−, [c]Fn)) =
(
b−1b−b−u¯(b
−1
−2, c), ρu([c]Fn , b
−1
−2
)
.
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Let v ∈ W n and let v¯ ∈ NG(T )n be a representative of v. Since BuB × B−vB− is a
Poisson submanifold of (F˜n,n, π˜n,n), let
Ju¯,v¯ = J
+
u¯
× J−
v¯
: Ou × B × B− ×O
v −→ BuB ×B−vB−,
and πu¯,v¯ = (Ju¯,v¯)
−1(π˜n,n). By Proposition 7.3, one has
πu¯,v¯ =
(
πn ×(ρu, λ+) πst
)
×(ρ˜u¯, λ˜v¯)
(
πst ×(ρ− , λv) (−πn)
)
.
Let (xi) be a basis of b and (ξ
i) the dual basis of b− with respect to the bilinear form
〈 , 〉(b,b−). In details, one has
πu¯,v¯ = (πn, πst, πst,−πn)
(38)
− (ρu(ξ
i), 0, 0, 0) ∧ (0, (xi)
R, 0, 0) + (0, 0, (ξi)L, 0) ∧ (0, 0, 0, λv(xi))
− (λu(xi), bu¯(xi)
R, 0, 0) ∧ (0, 0, (ξi)R, 0) + (0, (xi)
L, 0, 0) ∧ (0, 0, b−v¯(ξ
i)L, ρv(ξ
i)),
where
bu¯(xi) =
d
dt
|t=0 bu¯(exp(txi), c) ∈ b, and b−v¯(ξ
i) =
d
dt
|t=0 b−v¯(exp(tξ
i), c−) ∈ b−.
7.5. Generalised double Bruhat cells as Lie groupoids. Let n ≥ 1 and u,v ∈ W n.
The submanifold
Gu,v = {
(
[g1, . . . , gn]F˜n , [h1, . . . , hn]F˜−n
)
∈ BuB × B−vB− :
g1 · · · gn = h1 · · ·hn, gj, hj ∈ G}
of F˜n,n is called a generalised double Bruhat cell in [12], and it is shown therein that it is
a Poisson submanifold for π˜n,n, consisting of a unique T -orbit of symplectic leaves. When
n = 1, (Gu,v, π1,1) is naturally isomorphic to the double Bruhat cell (G
u,v, πst), if u = (u),
v = (v). Fixing representatives u¯, v¯ ∈ NG(T )
n for u, v, let
Gu¯,v¯ = (Ju¯,v¯)
−1(Gu,v) ⊂ Ou × B × B− ×O
v.
Recalling the notation introduced in (31), one has
Gu¯,v¯ = {([c]Fn , b, b−, [c−]Fn) ∈ O
u ×B ×B− ×O
v : cb = b−c−,(39)
c ∈ Cu¯, c− ∈ Cv¯, b ∈ B, b− ∈ B−},
and Gu¯,v¯ is a Poisson submanifold of (Ou×B×B−×O
v, πu¯,v¯). Furthermore, when u = v,
Gu¯,u¯ has a structure of a groupoid over Ou given by
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source map : θu¯([c]Fn, b, b−, [c−]Fn) = [c]Fn ,
target map : τu¯([c]Fn , b, b−, [c−]Fn) = [c−]Fn,
identity bisection : εu¯([c]Fn) = ([c]Fn , e, e, [c]Fn)
inverse map : ιu¯([c]Fn , b, b−, [c−]Fn) = ([c−]Fn, b
−1, b−1− , [c]Fn)
multiplication : when [c−]Fn = [c
′]Fn ,
([c]Fn, b, b−, [c−]Fn)([c
′]Fn , b
′, b′−, [c
′
−]Fn) = ([c]Fn , bb
′, b−b
′
−, [c
′
−]Fn).
Proposition 7.8. The above maps define a Lie groupoid structure on Gu¯,u¯.
Proof. It is clear that the above maps define a set theoretic groupoid structure on Gu¯,u¯
and that the identity bisection and the multiplication are holomorphic maps. Thus one
only needs to check that θu¯ and τu¯ are submersions.
Let ([c]Fn , b, b−, [c−]Fn) ∈ G
u¯,u¯ with c, c− ∈ Cu¯, b ∈ B, b− ∈ B−, and let α ∈ T
∗
[c]Fn
Ou,
and x ∈ b. Viewing x as a linear form on b− via the pairing 〈 , 〉(b,b−) and using (38) , one
has
θu
(
(πu¯,u¯)
♯(α, 0, r∗
b−1−
x, 0)
)
= (πn)
♯(α)− λu(x)([c]Fn),
thus by Lemma 7.2, θu¯ is a submersion. Similarly, τu¯ is also a submersion.
Q.E.D.
When n = 1, The groupoid structure on Gu¯,u¯ coincides with the groupoid structure on
the double Bruhat cell Gu,u introduced in [12], where u = (u).
8. Poisson action of a double symplectic groupoid on generalised double
Bruhat cells
Let (G, πst) be a standard complex semisimple Poisson Lie group as in §6, let n ≥ 1,
u,v ∈ W n, and fix representatives u¯, v¯ ∈ NG(T )
n of u,v. We construct in this section
right Poisson actions of the symplectic groupoids (ΓB ⇒ B,−πΓ) and (ΓB− ⇒ B−, πΓ) on
the Poisson maps
µ+ : (G
u¯,v¯, πu¯,v¯)→ (B, πst), µ+([c]Fn, b, b−, [c−]Fn) = b,
µ− : (G
u¯,v¯, πu¯,v¯)→ (B−, πst), µ−([c]Fn, b, b−, [c−]Fn) = b−,
where ([c]Fn, b, b−, [c−]Fn) ∈ G
u¯,v¯.
8.1. Twisted multiplicative actions of ΓB and ΓB−. Identifying b and b− as dual
vector spaces via the pairing 〈 , 〉(b,b−), one has the dressing actions
̺Gu¯,v¯ : b− → X
1(Gu¯,v¯), ̺Gu¯,v¯(ξ) = π
♯
u¯,v¯(µ
∗
+ξ
L), ξ ∈ b−,
ϑGu¯,v¯ : b→ X
1(Gu¯,v¯), ϑGu¯,v¯(x) = π
♯
u¯,v¯(µ
∗
−x
R), x ∈ b.
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Lemma 8.1. Let y˜ = ([c]Fn , b, b−, [c−]Fn) ∈ G
u¯,v¯, with c ∈ Cu¯, c− ∈ Cv¯, b ∈ B, b− ∈ B−.
For x ∈ b and ξ ∈ b−, one has
̺Gu¯,v¯(ξ)(y˜) = (ρu(Ad
∗
b−1 ξ)([c]Fn), ̺B(ξ)(b), µ−(̺Gu¯,v¯(ξ)(z˜)), ρv(ξ)([c−]Fn)),
ϑGu¯,v¯(x)(y˜) = (λu(x)([c]Fn), µ+(ϑGu¯,v¯(x)(z˜)), ϑB−(x)(b−), λv(Ad
∗
b−
x)([c−]Fn)).
Proof. As ̺Gu¯,v¯(ξ) and ϑGu¯,v¯(x) are tangent to G
u¯,v¯, the B−-component of ̺Gu¯,v¯(ξ) is de-
termined by the three others, and similarly, the B-component of ϑGu¯,v¯(x) is determined
by the other three. The Lemma follows by pairing π♯
u¯,u¯ given in (38) with (0, ξ
L, 0, 0) and
(0, 0, xR, 0).
Q.E.D.
The next Proposition 8.2 is proven by straightforward calculation.
Proposition 8.2. One has a right Lie groupoid action of ΓB on µ+ given by
y˜ ⊳B γ =
(
[cu
′
]Fn , b
′, b−u¯(u
′, c)−1b−b−v¯(u, c−), [c
u
−]Fn
)
,
where y˜ = ([c]Fn, b, b−, [c−]Fn) ∈ G
u¯,v¯, γ = (b, u, u′, b′) ∈ ΓB, with c ∈ Cu¯, c− ∈ Cv¯,
b, b′ ∈ B, b−, u, u
′ ∈ B−, and a right Lie groupoid action of ΓB− on µ−, given by
y˜ ⊳B− γ− =
(
[g[c]]Fn, bu¯(g, c)bbv¯(g
′, c−)
−1, b′−, [g
′[c−]]Fn
)
,
where y˜ = ([c]Fn , b, b−, [c−]Fn) ∈ G
u¯,v¯, γ− = (g, b−, b
′
−, g
′) ∈ ΓB−, with c ∈ Cu¯, c− ∈ Cv¯,
b, g, g′ ∈ B, b−, b
′
− ∈ B−. When u = v, these Lie groupoid actions satisfy the twisted
multiplicativity properties (24) - (25).
The remainder of §8 is devoted to proving the following
Theorem 8.3. The actions ⊳B and ⊳B− are Poisson actions of (ΓB,−πΓ) and (ΓB− , πΓ).
As the case for ⊳B and ⊳B− are completely parallel, we will only prove Theorem 8.3 for
⊳B.
Lemma 8.4. The action ⊳B satisfies (16).
Proof. Let y˜ = ([c]Fn , b, b−, [c−]Fn) ∈ G
u¯,v¯ and u ∈ B−. The Lemma is proven by
differentiating
y˜ ⊳B γb,u =
(
[cb[u]]Fn , b
u, b−u¯(b[u], c)
−1b−b−v¯(u, c−), [c
u
−]Fn
)
in u using (14).
Q.E.D.
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8.2. A model space for Gu¯,v¯ with an action of B−. To prove that ⊳B satisfies (17),
and thus that it is a Poisson action, we will construct a Poisson immersion from (Gu¯,v¯, πu¯,v¯)
into a Poisson manifold with a Poisson action of (B−, πst), and apply Proposition 3.7. We
start with the following simplification. Let
fu,v : O
u ×B ×B− ×O
v → Ou × B ×Ov, fu,v([c]Fn , b, b−, [c−]Fn) = ([c]Fn, b, [c−]Fn),
where c ∈ Cu¯, c− ∈ Cv¯, b ∈ B, b− ∈ B−, so that
fu,v(πu¯,v¯) = (πn, πst, −πn)− (ρu(ξ
i), 0, 0) ∧ (0, (xi)
R, 0) + (0, (xi)
L, 0) ∧ (0, 0, ρv(ξ
i))
is a Poisson structure on Ou × B × Ov, where (xi) is basis of b and (ξ
i) the dual basis
with respect to 〈 , 〉(b,b−), and we identify (G
u¯,v¯, πu¯,v¯) with its image
fu,v(G
u¯,v¯) = {([c]Fn , b, [c−]Fn) : cb(c−)
−1 ∈ B−, c ∈ Cu¯, c− ∈ Cv¯, b ∈ B}
in (Ou × B ×Ov, fu,v(πu¯,v¯)).
Let B2− act on the right of O
u ×D by
([c]Fn , d) · (b−1, b−2) = ([c
b−1 ]Fn, (b¯−2)
−1d), c ∈ Cu¯, d ∈ D, b−j ∈ B−,
and let Zu,D = O
u ×B− D be the quotient of O
u ×D by the diagonal subgroup (B−)diag
of B2−. Let ̟ : O
u ×D → Zu,D be the quotient map and write
[[c]Fn , d] = ̟([c]Fn, d), c ∈ Cu¯, d ∈ D.
As the left multiplication (D,−πD) × (D, π
+
D
) → (D, π+
D
) and the right multiplication
(D, π+
D
) × (D, πD) → (D, π
+
D
) are Poisson actions, and since (B−)diag is a coisotropic
subgroup of (B−,−πst)×(B−, πst), the direct product Poisson structure πn×π
+
D
on Ou×D
descends to a well defined Poisson structure πu,D on Zu,D, and one has a right Poisson
action of (D, πD) on (Zu,D, πu,D) given by
ρZ
u,D
([[c]Fn , d], d
′) = [[c]Fn, dd
′], c ∈ Cu¯, d, d
′ ∈ D.
Recall from (35) the mixed product Poisson structure πn ×(ρu, λ+) πst on O
u × B.
Lemma 8.5. The map
ψ : (Ou ×B, πn ×(ρu, λ+) πst)→ (Zu,D, πu,D), ψ([c]Fn , b) = [[c]Fn , b¯], c ∈ Cu¯, b ∈ B,
is a local diffeomorphism and a Poisson map.
Proof. The image of ψ is the open subset Im(ψ) = ̟(Ou×B¯−B¯) of Zu,D, and ψ([c]Fn, b) =
ψ([c′]Fn , b
′) if and only if c′ = ch and b′ = hb, for some h ∈ T (2). Thus ψ is a local
diffeomorphism. By (10), for b ∈ B one has
π+
D
(b¯) = πD(b¯)− rb¯(ξ¯
i ∧ x¯i),
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where (xi) is a basis of b and (ξ
i) the dual basis of b− with respect to 〈 , 〉(b,b−). Thus for
c ∈ Cu¯, one as
πu,D([[c]Fn , b¯]) = ̟
(
πn([c]Fn), πD(b¯)− rb¯(ξ¯
i ∧ x¯i)
)
= ̟
(
(πn([c]Fn), πD(b¯)
)
−̟(ρu(ξ
i), 0) ∧̟(0, rb¯x¯i)
= ψ
(
(πn ×(ρu, λ+) πst)([c]Fn, b)
)
,
hence ψ is a Poisson map.
Q.E.D.
Recall the right Poisson action ρF ′−n of (B−, πst) on (F
′
−n, π
′
−n). One thus has the mixed
product Poisson structure
π := (πu,D, π
′
−n) + (ρZu,D(x¯i), 0) ∧ (0, ρF ′−n(ξ
i))
on Zu,D×F
′
−n, associated to the right Poisson action ρZu,D |b¯ of (b, δst) on (Zu,D, πu,D) and
the left Poisson action −ρF ′−n of (b−,−δst) on (F
′
−n, π
′
−n). Using the quotient map given
in (32), one sees that ρF ′−n is the restriction to B−
∼= B¯− of the right Poisson action of
(D, πD) on (F
′
−n, π
′
−n) given by
ρF ′−n,D([g1, . . . , gn]F ′−n , (g, h)) = [g1, . . . , gn−1, gng], g, gi ∈ G, h ∈ T,
and thus by §2.2,
ρ(a) = (ρZ
u,D
(a), ρF ′−n,D(a)), a ∈ d,
is a right Poisson action of (d, δd) on (Zu,D × F
′
−n, π). Hence
([[c]Fn , b¯], z) · u := ([[c]Fn , b¯u¯], ρF ′−n(z, u)),
where c ∈ Cu¯, z ∈ F
′
−n, b ∈ B, and u ∈ B−, is a right Poisson action of (B−, πst) on
(Zu,D × F
′
−n, π).
Proposition 8.6. 1) The map
ϕ : (Ou × B ×Ov, fu,v(πu¯,v¯))→ (Zu,D × F
′
−n, π)
given by
ϕ([c]Fn , b, [c−]Fn) = (ψ([c]Fn, b), [c−]F ′−n), c ∈ Cu¯, c− ∈ Cv¯, b ∈ B, b− ∈ B−,
is an immersive Poisson map.
2) For (y˜, γ) ∈ Gu¯,v¯ ∗ ΓB, one has
ϕ(fu,v(y˜ ⊳B γ)) = ϕ(fu,v(y˜)) · θB−(γ).
Proof. Part 1) is clear, since ψ is a Poisson map and a local diffeomorphism intertwining
the right action of B on Ou × B by right multiplication in the second factor, and the
action ρZ
u,D
of B¯ ∼= B, and
(Ou,−πn)→ (F
′
−n, π
′
−n), [c−]Fn 7→ [c−]F ′−n, c− ∈ Cu¯,
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is a B−-equivariant immersive Poisson map. As for part 2), write y˜ = ([c]Fn , b, b−, [c−]Fn)
and γ = (b, u, u′, b′). Then
ϕ(fu,v(y˜ ⊳B γ)) =
(
[[cu
′
]Fn , b¯
′], [cu−]F ′−n
)
=
(
[[c]Fn , u¯
′b¯′], [cu−]F ′−n
)
=
(
[[c]Fn , b¯u¯], [c
u
−]F ′−n
)
=
(
[[c]Fn , b¯], [c−]F ′−n
)
· u
= ϕ(fu,v(y˜)) · θB−(γ).
Q.E.D.
Proof of Theorem 8.3. Applying Proposition 3.7 to ϕ shows that ⊳B satisfies (17). Thus
by Lemma 8.4 and Proposition 3.6, ⊳B is a Poisson action of (ΓB,−πΓ) on µ+.
Q.E.D.
9. The Poisson groupoid (Gw¯,w¯, πw¯,w¯)
The last main result of this paper is Theorem 9.6 below, in which we show that
(Gw¯,w¯, πw¯,w¯) is a Poisson groupoid over (O
w, πw), where w is any finite sequence of
Weyl group elements. As the proof of Theorem 9.6 will be by induction, we fix in this sec-
tion integers n,m ≥ 1 and u ∈ W n, v ∈ Wm with respective representatives u¯ ∈ NG(T )
n,
v¯ ∈ NG(T )
m, and assume that πu¯,u¯, πv¯,v¯ are compatible with the groupoid structures on
Gu¯,u¯, Gv¯,v¯, that is (Gu¯,u¯, πu¯,u¯) and (G
v¯,v¯, πv¯,v¯) are Poisson groupoids. By [12], this is true
if n = m = 1.
9.1. The local Poisson groupoid (Ku¯,v¯, πK
u¯,v¯
). Consider the Poisson actions ⊳B of
(ΓB,−πΓ) on µ+ : (G
u¯,u¯, πu¯,u¯) → (B, πst) and ⊳B− of (ΓB− , πΓ) on µ− : (G
v¯,v¯, πv¯,v¯) →
(B−, πst). By Theorems 8.3 and 5.4, one has the local Poisson groupoid
(Gu¯,u¯ ×L G
v¯,v¯
⇒ Ou ×Ov, πu¯,u¯ × πv¯,v¯).
We construct in §9.1 a quotient of this local Poisson groupoid. Let T act on Gu,u ×Gv,v
by ((
[g1, . . . , gn]Fn , [h1, . . . , hn]F ′−n
)
,
(
[g′1, . . . , g
′
m]Fm, [h
′
1, . . . , h
′
m]F ′−m
))
· t =
((
[g1, . . . , gnt]Fn, [h1, . . . , hnt]F ′−n
)
,
(
[t−1g′1, . . . , g
′
m]Fm, [t
−1h′1, . . . , h
′
m]F ′−m
))
,
where gi, g
′
i, hi, h
′
i ∈ G and t ∈ T . Under the diffeomorphism J
−1
u¯,u¯ × J
−1
v¯,v¯, this translates
to the action
(
([c]Fn , b, b−, [c−]Fn), ([c
′]Fm , b
′, b′−, [c
′
−]Fm)
)
· t =(
([c]Fn , bt, b−b−u¯(t, c), [c
t
−]Fn), ([t
−1[c′]]Fm, bv(t
−1, c′)b′, t−1b′−, [c
′
−]Fm)
)
of T on Gu¯,u¯ × Gv¯,v¯, where c, c− ∈ Cu¯, c
′, c′− ∈ Cv¯, b, b
′ ∈ B, and b−, b
′
− ∈ B−. Let Ku,v
be the quotient of Gu,u×Gv,v by T and let Ku¯,v¯ be the quotient of G
u¯,u¯×Gv¯,v¯ by T . Let
̟K
u¯,v¯
: Gu¯,u¯ × Gv¯,v¯ → Ku¯,v¯
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be the quotient map and denote elements of Ku¯,v¯ as [y˜, z˜] = ̟K
u¯,v¯
(y˜, z˜), if y˜ ∈ Gu¯,u¯
and z˜ ∈ Gv¯,v¯. As T acts by Poisson isomorphisms, π˜n,n × π˜m,m descends to a well defined
Poisson structure πKu,v onKu,v, and πu¯,u¯×πv¯,v¯ descends to a well defined Poisson structure
πK
u¯,v¯
on Ku¯,v¯.
Proposition 9.1. 1) One has a structure on Ku¯,v¯ of a local groupoid over O
u×Ov given
by
source map : θu¯,v¯[y˜, z˜] = (θu¯(y˜), µ+(y˜)[θv¯(z˜)]), y˜ ∈ G
u¯,u¯, z˜ ∈ Gv¯,v¯,
target map : τu¯,v¯[y˜, z˜] = (τu¯(y˜)
µ−(z˜), τv¯(z˜)), y˜ ∈ G
u¯,u¯, z˜ ∈ Gv¯,v¯,
identity bisection : εu¯,v¯(y, z) = [εu¯(y), εv¯(z)], y ∈ O
u, z ∈ Ov.
Let y˜ ∈ Gu¯,u¯, z˜ ∈ Gv¯,v¯, and let b = µ+(y˜), b
′
− = µ−(z˜). When b¯b¯− ∈ B¯B¯− ∩ B¯−B¯, the
inverse map is given by
ιu¯,v¯[y˜, z˜] =
[
ιu¯(y˜ ⊳B γ), ιv¯(z˜ ⊳B− γ)
]
,
where γ ∈ Γ is any element of the form γ = (b, b′−, u, g), g ∈ B, u ∈ B−. Let y˜1, y˜2 ∈ G
u¯,u¯,
z˜1, z˜2 ∈ G
v¯,v¯ with τu¯,v¯[y˜1, z˜1] = θu¯,v¯[y˜2, z˜2], and b
′
−1 = µ−(z˜1), b2 = µ+(y˜2). When
b¯′−1b¯2 ∈ B¯B¯− ∩ B¯−B¯, multiplication is given by
[y˜1, z˜1] · [y˜2, z˜2] =
[
y˜1 (γ ⊲B y˜2) ,
(
γ ⊲B− z˜1
)
z˜2
]
,
where γ ∈ Γ is any element of the form γ = (g, u, b′−1, b2).
2) (Ku¯,v¯ ⇒ O
u ×Ov, πK
u¯,v¯
) is a local Poisson groupoid and
̟K
u¯,v¯
: (Gu¯,u¯ ×L G
v¯,v¯, πu¯,u¯ × πv¯,v¯)→ (Ku¯,v¯, πK
u¯,v¯
)
is a morphism of local Poisson groupoids.
Proof. Showing that the structure maps given in 1) are well-defined, satisfy the axioms of
a local groupoid and that ̟K
u¯,v¯
is a morphism of local groupoids is straightforward. Since
̟K
u¯,v¯
is a Poisson map by construction, the only thing left to prove is that (Ku¯,v¯, πK
u¯,v¯
)
is a local Poisson groupoid.
Let U ⊂ Γ be an open subset such that the map p defined in (9) restricts to a diffeo-
morphism p |U : U → p(U). Then the diagonal copy of U ,
Udiag ⊂ (ΓB,−πΓ)× (ΓB−, πΓ)
is a local Lagrangian bisection. In particular,
(40) {(y˜1, z˜1⊳B− γ, y˜2⊳B γ, y˜1y˜2, z˜1z˜2) : (y˜1, y˜2) ∈ (G
u¯,u¯)(2), (z˜1, z˜2) ∈ (G
v¯,v¯)(2), γ ∈ U}
is the image of the graph of the direct product groupoid Gu¯,u¯ × Gv¯,v¯ by a local Poisson
diffeomorphism, hence is coisotropic for the Poisson structure πu¯,u¯ × πv¯,v¯ × πu¯,u¯ × πv¯,v¯ ×
(−πu¯,u¯) × (−πv¯,v¯) on (G
u¯,u¯ × Gv¯,v¯)3. By definition of the multiplication in Ku¯,v¯, the
image by (̟K
u¯,v¯
)3 of the subset in (40) is an open subset in the graph Gr(Ku¯,v¯) of the
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multiplication in Ku¯,v¯. By varying U , it follows that Gr(Ku¯,v¯) has an open covering
by submanifolds coisotropic for the Poisson structure πK
u¯,v¯
× πK
u¯,v¯
× (−πK
u¯,v¯
), hence is
coisotropic. Thus (Ku¯,v¯, πK
u¯,v¯
) is a local Poisson groupoid.
Q.E.D.
9.2. The concatenation map κu,v. Let
w = (u,v) = (u1, . . . , un, v1, . . . , vm), w¯ = (u¯, v¯) = (u¯1, . . . , u¯n, v¯1, . . . , v¯m),
where u = (u1, . . . , un) and v = (v1, . . . , vm). Let κu,v : G
u,u ×Gv,v → Gw,w be the map
κu,v
(
([g1, . . . , gn]Fn , [h1, . . . , hn]F ′−n), ([g
′
1, . . . , g
′
m]Fm , [h
′
1, . . . , h
′
m]F ′−m)
)
=
(
[g1, . . . , gn, g
′
1, . . . , g
′
m]Fn+m , [h1, . . . , hn, h
′
1, . . . , h
′
m]F ′−n−m
)
, g′i, g
′
i, hi, h
′
i ∈ G.
By [13, Proposition 8.3], κu,v : (G
u,u, πn,n) × (G
v,v, πm,m) → (G
w,w, πn+m,n+m) is a
Poisson map.
Lemma 9.2. 1) The image of κu,v is the Zariski open subset
(Gw,w)0 = {([g1, . . . , gn+m]Fn+m , [h1, . . . , hn+m]F ′−n−m) ∈ G
w,w :
(h1 · · ·hn)
−1g1 · · · gn ∈ B−B}.
2) The map κu,v descends to a diffeomorphism κu,v : Ku,v
∼=
→ (Gw,w)0.
Proof. It is clear that κu,v maps into (G
w,w)0. Conversely, if
([g1, . . . , gn+m]Fn+m , [h1, . . . , hn+m]F ′−n−m) ∈ (G
w,w)0,
write (h1 · · ·hn)
−1g1 · · · gn = b−b
−1, with b− ∈ B− and b ∈ B. Then
([g1, . . . , gn+m]Fn+m, [h1, . . . , hn+m]F ′−n−m) =
κu,v
(
([g1, . . . , gnb]Fn , [h1, . . . , hnb−]F ′−n), ([b
−1g′1, . . . , g
′
m]Fm , [b
−1
− h
′
1, . . . , h
′
m]F ′−m)
)
.
Part 2) is clear.
Q.E.D.
Let κu¯,v¯ : (G
u¯,u¯, πu¯,u¯) × (G
v¯,v¯, πv¯,v¯) → (G
w¯,w¯, πw¯,w¯) be the Poisson map obtained by
precomposing κu,v with Ju¯,u¯ × Jv¯,v¯ and postcomposing with J
−1
w¯,w¯, that is
κu¯,v¯
(
([c]Fn, b, b−, [c−]Fn), ([c
′]Fm , b
′, b′−, [c
′
−]Fm)
)
=(41)
([c, b[c′]]Fn+m , bv¯(b, c
′)b′, b−b−u¯(b
′
−, c−), [c
b′−
− , c
′
−]Fn+m),
where ([c]Fn , b, b−, [c−]Fn) ∈ G
u¯,u¯ and ([c′]Fm , b
′, b′−, [c
′
−]Fm) ∈ G
v¯,v¯. By Lemma 9.2,
the image of κu¯,v¯ is (G
w¯,w¯)0 = J
−1
w¯,w¯((G
w,w)0) and κu¯,v¯ descends to an diffeomorphism
κu¯,v¯ : Ku¯,v¯ ∼= (G
w¯,w¯)0. As (G
w¯,w¯)0 is an open neighborhood of the identity bisection of
38 VICTOR MOUQUIN
Gw¯,w¯, one can shrink [2] the groupoid structure on Gw¯,w¯ to a local groupoid structure on
(Gw¯,w¯)0, where the multiplication is defined on
(Gw¯,w¯)
(2)
0 := m
−1
w¯,w¯((G
w¯,w¯)0) ∩ {(x˜1, x˜2) ∈ ((G
w¯,w¯)0)
2 : τw¯(x˜1) = θw¯(x˜2)},
where mw¯,w¯ is the multiplication map on G
w¯,w¯, and the inverse is defined on
(Gw¯,w¯)
(−1)
0 := (Gw¯,w¯)0 ∩ ιw¯((Gw¯,w¯)0).
The remainder of §9.2 is devoted to proving the following
Proposition 9.3. One has an isomorphism of local groupoids
κu¯,v¯ : (Ku¯,v¯ ⇒ O
u ×Ov) ∼= ((Gw¯,w¯)0 ⇒ O
w).
Fix for i = 1, 2 elements
y˜i = ([ci]Fn , bi, b−i, [c−i]Fn) ∈ G
u¯,u¯, ci, c−i ∈ Cu¯, bi ∈ B, b−i ∈ B−,(42)
z˜i = ([c
′
i]Fm , b
′
i, b
′
−i, [c
′
−i]Fm) ∈ G
v¯,v¯, c′i, c
′
−i ∈ Cv¯, b
′
i ∈ B, b
′
−i ∈ B−,
such that [y˜1, z˜1] and [y˜2, z˜2] are composable in Ku¯,v¯, that is
(43) (c
b′−1
−1 , c
′
−1) = (c2, b2[c
′
2]),
and choose a
(44) γ = (g, u, b′−1, b2) ∈ Γ, with g ∈ B, u ∈ B−.
Lemma 9.4. One has
bv¯(b
−1
2 , c
′
−1)
−1 = bv¯(b2, c
′
2),
b−u¯((b
′
−1)
−1, c2)
−1 = b−u¯(b
′
−1, c−1).
Proof. By (43) and recalling our notation in (31),
b2c
′
2 = b2[c
′
2]bv¯(b2, c
′
2) = c
′
−1bv¯(b2, c
′
2),
(b2)
−1c′−1 = (b2)
−1[c′−1]bv¯((b2)
−1, c′−1) = c
′
2bv¯(b
−1
2 , c
′
−1),
thus bv¯(b
−1
2 , c
′
−1)
−1 = bv¯(b2, c
′
2), and the second relation is proven similarly.
Q.E.D.
Proof of Proposition 9.3. It is easily seen that κu¯,v¯ commutes with the respective source
and target maps of Ku¯,v¯ and (G
w¯,w¯)0. By Proposition 9.1, one has
[y˜1, z˜1] · [y˜2, z˜2] =
[
y˜1 (γ ⊲B y˜2) ,
(
γ ⊲B− z˜1
)
z˜2
]
,
=
[
([c1]Fn, b1g, b−1µ−u(γ ⊲B y˜2), [c
u−1
−2 ]Fn),
([g−1[c′1]]Fm, µv(γ ⊲B− z˜1)b
′
2, ub
′
−2, [c
′
−2]Fm)
]
,
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where recall that by definition of ⊳B, ⊳B− ,
b−u¯((b
′
−1)
−1, c2)µ−u(γ ⊲B y˜2) = b−2b−u¯(u
−1, c−2),
µv(γ ⊲B− z˜1)bv¯(b
−1
2 , c
′
−1) = bv¯(g
−1, c′1)b
′
1.
Hence by Lemma 9.4,
b1gg
−1[c′1]µv(γ ⊲B− z˜1)b
′
2 = b1c
′
1bv¯(g
−1, c′1)
−1µv(γ ⊲B− z˜1)b
′
2
= b1c
′
1b
′
1bv¯(b
−1
2 , c
′
−1)
−1b′2
= b1c
′
1b
′
1bv¯(b2, c
′
2)b
′
2 = b1[c
′
1]bv¯(b1, c
′
1)b
′
1bv¯(b2, c
′
2)b
′
2,
b−1µ−u(γ ⊲B y˜2)(c−2)
u−1ub′−2 = b−1µ−u(γ ⊲B y˜2)b−u¯(u
−1, c−2)
−1c−2b
′
−2
= b−1b−u¯((b
′
−1)
−1, c2)
−1b−2c−2b
′
−2
= b−1b−u¯(b
′
−1, c−1)b−2c−2b
′
−2
= b−1b−u¯(b
′
−1, c−1)b−2b−u¯(b
′
−2, c−2)(c−2)
b′−2 ,
and so by (41), one has
κu¯,v¯([y˜1, z˜1] · [y˜2, z˜2]) =
([c1, b[c
′
1]]Fn+m , bv¯(b1, c
′
1)b
′
1bv¯(b2, c
′
2)b
′
2, b−1b−u¯(b
′
−1, c−1)b−2b−u¯(b
′
−2, c−2), [c
b′−2
−2 , c
′
−2]Fn+m)
(45)
= κu¯,v¯([y˜1, z˜1])κu¯,v¯([y˜2, z˜2)].
Conversely, suppose given x˜i ∈ (G
w¯,w¯)0, i = 1, 2, composable in G
w¯,w¯, and let y˜i ∈ G
u¯,u¯,
z˜i ∈ G
v¯,v¯, such that x˜i = κu¯,v¯[y˜i, z˜i]. Writing y˜i and z˜i as in (42), x˜1x˜2 is given by (45), so
by Lemma 9.2, x˜1x˜2 lies in (G
w¯,w¯)0 if and only if
B−B ∋ (b−1b−u¯(b
′
−1, c−1)b−2b−u¯(b
′
−2, c−2)c
b′−2
2 )
−1c1
= (c−2b
′
−2)
−1b−1−2b−u¯(b
′
−1, c−1)
−1b−1−1c1
= (b′−2)
−1(b−2c−2)
−1b−u¯((b
′
−1)
−1, c2)b
−1
−1c1
= (b2b
′
−2)
−1c2
−1b−u¯((b
′
−1)
−1, c2)c−1b
−1
1
= (b2b
′
−2)
−1(b′−1)
−1(c
(b′−1)
−1
2 )
−1c−1b
−1
1
= (b2b
′
−2)
−1(b1b
′
−1)
−1.
We have used Lemma 9.4 in the third line above, the definition (39) of Gu¯,u¯ in the fourth
line, and (43) in the last. Thus x˜1x˜2 ∈ (G
w¯,w¯)0 precisely when (b
′
−1b2)
−1 ∈ B−B, which is
equivalent to the existence of a γ ∈ Γ as in (44). Hence [y˜1, z˜1] and [y˜1, z˜1] are composable in
Ku¯,v¯ precisely when x˜1x˜2 ∈ (G
w¯,w¯)0, and in such a case one has x˜1x˜2 = κu¯,v¯([y˜1, z˜1]·[y˜1, z˜1]).
A similar calculation shows that κu¯,v¯ commutes with the respective inverse groupoid maps,
and that an element [y˜, z˜] ∈ Ku¯,v¯ is invertible precisely when κu¯,v¯[y˜, z˜] is invertible in
(Gw¯,w¯)0. This concludes the proof of Proposition 9.3.
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Q.E.D.
Corollary 9.5. The map
Iu,v : (O
u ×Ov, πn ×(ρu,λv) πm)→ (O
w, πn+m), Iu,v([c]Fn, [c
′]Fm) = [c, c
′]Fn+m ,
where c ∈ Cu¯, c
′ ∈ Cv¯, is an isomorphism of Poisson manifolds.
Proof. By Proposition 9.1 and 9.3 ((Gw¯,w¯)0 ⇒ O
w, πw¯,w¯) is a local Poisson groupoid
over (Ow, πn+m) and κu¯,v¯ : (Ku¯,v¯ ⇒ O
u × Ov, πK
u¯,v¯
) ∼= ((Gw¯,w¯)0 ⇒ O
w, πw¯,w¯) is an
isomorphism of local Poisson groupoids. Then Iu,v is precisely the map between the bases
of the two local groupoids covered by the isomorphism κu¯,v¯.
Q.E.D.
9.3. The Poisson groupoid (Gw¯,w¯, πw¯,w¯).
Theorem 9.6. Let l ≥ 1, w ∈ W l, and let w¯ ∈ NG(T )
l be a of representative of w. Then
(Gw¯,w¯ ⇒ Ow, πw¯,w¯) is a Poisson groupoid over (O
w, πl).
Proof. By [12] the Theorem is true for n = 1. By induction, one can assume that w =
(u,v), where u ∈ W n and v ∈ Wm, and such that the Theorem holds for u and v. Then
by Propositions 9.1 and 9.3, ((Gw¯,w¯)0 ⇒ O
w, πw¯,w¯) is a local Poisson groupoid, that is
Gr((Gw¯,w¯)0) = {(x˜1, x˜2, x˜1x˜2) : (x˜1, x˜2) ∈ (G
w¯,w¯)
(2)
0 }
is a coisotropic submanifold of (Gw¯,w¯)3, equipped with the Poisson structure πw¯,w¯×πw¯,w¯×
(−πw¯,w¯). But as (G
w¯,w¯)0 is Zariski open in the irreducible algebraic variety G
w¯,w¯, (Gw¯,w¯)
(2)
0
is open and dense in (Gw¯,w¯)(2), thus Gr((Gw¯,w¯)0) is open and dense in
Gr(Gw¯,w¯) = {(x˜1, x˜2, x˜1x˜2) : (x˜1, x˜2) ∈ (G
w¯,w¯)(2)}.
Hence Gr(Gw¯,w¯) is coisotropic for the Poisson structure πw¯,w¯ × πw¯,w¯ × (−πw¯,w¯), that is
(Gw¯,w¯ ⇒ Ow, πw¯,w¯) is a Poisson groupoid.
Q.E.D.
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